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PEEFACE. 



The object of this treatise is to provide a manual on what 
has been generally known as the '' Elements of Mechanics/' 
but is here, in accordance with the more precise phrase- 
ology of recent works, termed " Dynamics." 

As the work is intended for beginners, special pains have 
been taken to establish the necessary propositions by proofs 
involving no higher mathematics than the geometry of the 
first two books of Euclid, and algebra as far as simple 
equations. At the same time, the nomenclature, defini- 
tions, and general treatment are in harmony with advanced 
modem works on the subject. 

Examples and examination questions have been intro- 
duced into the text, in order to furnish all who make use 
of the book with the means of testing, as they proceed, 
whether each portion of the subject has been duly 
mastered. A selection of examination papers from those 
set in various Universities has been added. Most of the 
general examples which follow each chapter are also taken 
y from University Examinations. Answers are given in each 

case, and all points likely to present difficulty to beginners 
are explained. 
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CHAPTER 1/ 
PBELIMINABY. 

1. Natural Philosophy. — Natural Philosophy treats of 
the Laws of the Material World. It is concerned with the 
five fundamental ideas of Time, Space, Motion, Matter, and 
Force, Each of these ideas is the subject of a particular 
science. The five corresponding sciences are Algebra, Geo- 
metry, Kinematics, Physics, and Dynamics, The present 
work contains the elementary parts of Kinematics and 
Dynamics. It assumes a knowledge of Algebra as far as 
simple equations, and of the Geometry contained in the first 
two books of Euclid. 

2. Dynamics. — Dynamics treats of the action of Force, 
Forge is any canse which tends to alter a body's state of 

rest, or of unifoim motion in a straight line. 

Kinematics treats of Motion wUhout reference to Force. 
It is a branch of pure Mathematics, and a necessary pre- 
liminary to Dynamics. 

When more forces than one act on a body, their effect is 
either (1) to produce or change motion, or (2) to maintain 
rest or prevent change of motion. 

Hence Dynamics is divided into two parts — Kinetics and 
Statics. 

Kinetics treats of the action of Force in producing or chang- 
ing Motion. 

Statics treats of the action of Force in maintaining Rest or 
preventing change of Motion. 

1 



§ 2 PRELIMINARY. 

Hydrostatics is that branch of Statics which treats of 
Liquids and Gases. 

[The student reading thiu subject for the first time is earnestly 
advised to make sure that he has mastered each part before he 
proceeds to the next. For this purpose he is urged to write 
out conscientiously the answers to the examinations and ex- 
amples. Definitions and other sentences printed in italics should 
be committed to memory. If he is preparing for examination, 
he will find it useful to work out both examination papers 
and examples a second time, and to do so vnth as great attention 
to style, accuracy y and legibility ^ as if he were actiudly undergoing 
examination,] 

Examination on Chapter L 

1. Enumerate the fundamental ideas of Natural Philosophy, 

and the respective branches of Mathematics or Natural 
Philosophy in which they are investigated. 

2. Define Force. In what two ways is it recognised as 

acting 1 

3. Define Dynamics, Kinetics, Statics, Kinematics, and Hydro- 

statics. 



CHAPTER II. 
KINEMATICS. 

3. Motion of a Point. — Motion is chunge of Position, 
In Kinematics we consider the motion of a Point. A 
moving point passes from one Position in Space to another 
during the lapse of an Interval of Time, Motion therefore 
connects the ideas of Space and Time. 

A moving point traces out a continuous Line, any small 
part of which is either straight or cu/rved. If the line is 
straight, then its Direction is that in which the point is 
moving. If the line is curved, then we can draw a straight 
line which will have the direction of the motion of the 
point at any particular instant. This line is called in Geo- 
metry the Tangent to the curve. 
As an example, take the case of a projectile impelled 

along a straight tube AB. As 
long as it is within the tube, its 
.E direction is that of the straight 
•-. line AB. When it leaves the 
tube it describes the curve BCD. 
When the projectile is at C, its 
direction is that of the straight line CE, which is the tan- 
gent to the curve at C. 

4. Uniform Velocity. — ^Velocity 15 Bate of Motion, It 
is Uniform or VariahU, 

Uniform Velocity is the Rate of Motion of a point which 

3 




§ 4 KINEMATICS. 

passes over equal spaces in equal times. It is greater or less 
as the space passed over in a given time is greater or less. 

Thus a ship which, sailing uniformly, makes 15 knots in 
a certain time, has three times the velocity of one which 
makes 5 knots in the same time. 

Uniform Velocity is measured by the space passed over in a 
unit of time. It is convenient to take a foot as the unit of 
space, and a second as the unit of time. A point has there- 
fore unit velocity, when it moves one foot in each second, 
a velocity of 12 when it moves 12 feet in each second, and 
so on. 

Example* — Find the velocity of a train moving uniformly at 
the rate of twenty miles an hour. 

We must first express the distance in feet, and the time in 
seconds. Employing factors, 

20 miles = 20 X 1760 X 3 feet. 
1 hour = 60 X 60 seconds. 

The data may therefore be thus stated — 

In 60 X 60 sec. the train moves 20 x 1760 x 3 feet. 

20 X 1760 X 3 

" " " " 60 X 60 

.'. The velocity, or the space passed over in one second, 

20 X 1760 X 3 



60 X 60 
_-. , . 20x88x20x3 

Ihis may be written 20 x 3x20x3 ' ^*^^^^» ®^ cancelling 

factors common to numerator and denominator, becomes 

88 

-g-™ 29i, the velocity required. 

Examples for Exercise.— 

1. Find the velocity of a horse which trots 2 miles in 9 
minutes. 

4 



UNIFORM VELOCITY. § 5 

2. Which is the greater velocity, 100 yards in 11| seconds, or 

6} miles in 22 minutes ? 

3. The velocity of sound is 1118. How long does it take to 

travel 43 miles ? 

5. Algebraical Formulas of Uniform Velocity. — ^Let v 
be the velocity of a point moving uniformly, that is, the 
number of feet which it passes over in each second. Then 

In 2 seconds it passes over 2v feet. 

» •' » 99 J> •'^ » 

and so on. 

Let t be any number of seconds. In t seconds the point 
passes over txv feet, which may be written tv or vt. If 
this number of feet be called s, then 

vt = 8, or 8 — vt . . . . (1) 

This equation enables us to find 8 when v and t are 
known. 

Divide both sides of equation (l)hj t and we obtain the 
equation 





s 


... 


... 


(2) 


which enables us to find v when 8 and t are 
Again, divide both sides of (1) by v and 


known, 
we obtain 






8 

V 


... 


... 


(3) 


which enables us 


to find t when 8 


and V are 


known. 




Examples— 

1. The velocity < 
7 seconds. 

From(l) 
but 


of a particle is 11. 

-«? = 11, t ^ 
.'. « = 11 X 7 = 
5 


Find the distance gone in 
= 77 feet. 



§ 6 KINE1£ATICS. 

2. A train goes a mile in a minute. Find its velocity. 



From (2) v^ — 

but s = 1760 X 3, < = 60 

1760 X 3 
.\v 88. 

3. A race horse has a velocity of 45. Find how long he takes 
to go half a mile. 

From (3) t ^ — 

V 

but » = 880 X 3, V ^ 46. 

880 X 3 
/. t = = 58) seconds. 

Examples for Exercise. -r- 

1. Find the distance an eagle flies in an hour, assuming its 
velocity to be 100. 

2. Find the velocity of tlie moon in its orbit roimd the earth, 
assuming that it describes a path of 1,511,460 miles in 27 days. 

3. Find the time in which a body moving with uniform velo- 
city a passes over b feet. 

6. Variable Velocity. — ^Variable Velocity is that of a 
jmnt which passes over unequal spaces in equal times. It is 
measured at any instant by the space which would be passed over 
in a unit of time, were the velocity ai the instant under consider- 
ation to remain wnchanged for a unit of time. Thus when we 
say that a bullet leaves a rifle with a yelocity of 1330, we 
mean that, if the velocity were to remain unaltered for a 
second, the bullet would, during that time, describe a path 
1330 feet in length. 

7. Average Velocity. — WTien a point moves with variable 
velocity for any interval of time, the Uniform Velocity, wUh 
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AVERAGE VELOCnr. § 7 

which the same space can be described in the same time, is called 
the Average Velocity of the point during that time. 

During part of the interval the point's velocity must have 
been greater than the average velocity, during part it must 
have been less, and at some one instant it must have been 
equal to it. The shorter the interval is, the more nearly 
does the average velocity coincide with the actual velocity 
at any instant of the interval. 

A railway train, either increasing or decreasing its speed, 
is an example of variable velocity. By observing how far 
it goes in five minutes, we may obtain the average velocity 
during that period. A nearer approximation to its actual 
velocity at a particular instant is found by observing the 
distance travelled in one minute, chosen so as to include 
that instant, and a still nearer by observing that travelled 
in one second similarly chosen. 

Examples.— 

. 1. A man walks 9 feet in one second, 8 in the next, 6 in the 
third, and 3 in the fourth ; find his average velocity. 

Here we have to find a uniform velocity with which the whole 
distance, 26 feet, can be described in 4 seconds. 

8 26 
By (2) «^ = — = — = 6J, the average velocity required. 

2. Find approximately the same man's velocity at the end of 
the first second, assuming that he is constantly slackening his 
pace. 

The smallest interval, which we can take so as to include the 
given instant, is the first two seconds. During this time he 
walked 17 feet. 

« 17 
.*. V = — = — = SJ, the average velocity during the first 

two seconda 



$§ 8, 9 KINEMATICS. 

Examples for Exercise.— 

1. A stone falLs 16*1 feet in the first second, 48*3 in the next, 
and 80*5 in the third ; find its average velocity. 

2. With the same data, find as nearly as possible the stone's 
velocity at the beginning of the third second. 

3. A particle passes over a feet in the first second, b in the 
next, and c in the third. Find its average velocity. 

4. A particle has during t^ seconds an average velocity v^, and 
during the next t^ seconds its average velocity is v^. Find its 
average velocity during the whole time. 

8. Representation of Velocities by Straight Lines. — 

The motion of a point at any instant is defined when its 
direction and rate are given. It is therefore completely re- 
presented by a Straight Line whose direction is that in which 
the particle is moving, and whose length is proportional to 
its velocity at the instant under consideration. 

Examination on Sections 3—8. 

1. Define Motion. Show how it involves space and time. 

2. Define Velocity. What two kinds of velocity exist 1 Give 
examples of each. 

3. Define Uniform Velocity. How is it measured ? 

4. Prove the formula s = vt. Deduce from this a formula 
which expresses the velocity in terms of the space and time. 

6. Define Variable Velocity. How is it measured ? 

6. What is meant by the Average Velocity of a point during 
a given time ? 

7. Show that a Velocity may be completely represented by a 
straight line. 

9. Velocity of a Body. — When a material body, or a solid 
figure, is in motion, if all its points have the same velocity 
at any instant, that is if they are all moving at the same 
rate in parallel straight lines, that velocity is called the velocity 
of the body, A canal boat moving along a straight canal, 
and the framework of a carriage drawn along a straight and 

8 



COMPONENT AND RESULTANT VELOCITIES. §§ 10, 11 

level road, are examples of bodies in which all the points 
have the same velocity. A revolving wheel and a rolling 
ball are examples of bodies in which the diflferent points 
have different velocities, but we shall not require to consider 
the motion of such bodies. 

10. Component .and Resultant Velocities. — When a 
point has two or more simvltaneous velocities, each of them is 
called a Component, and the actual velocity is called their 
Hesultant. 

The velocity of a point is always found with regard to 
some body which we suppose to be at rest. When a sailor 
climbs the rigging of a ship, we may find his velocity with 
regard to the ship. If we combine with this velocity the 
velocity of the ship, we shall find the sailor's velocity with 
regard to the surface of the earth. 

11. Composition of two nniform Velocities in the 
Straight Line. — Two velocities in the same straight line 
may have the same direction, or they may have opposite 
directions. There are therefore two cases to be con- 
sidered. 

(I) If two componerU velocities have the same direction in the 
same straight line, the Resultant is their Sum, 

het a point have two uniform velocities, v^ and v^ in the 
same straight line. Then since Vi and v^ are uniform, or 
the same at every instant, the resultant velocity is also the 
same at every instant, that is to say, it is a uniform 
velocity. 

To find its magnitude let us suppose that the point moves 

with the velocity Vi along the straight 

•^ ^ ^ line AB, and that the page is itself in 

motion in the same direction with the 
velocity v^ (See § 9.) After one second the point will have 
moved v^ feet along AB, but AB will itself have moved 
Vi feet in the same direction owing to the motion of the 

9 



§11 KINEMATICS. 

page. The point will therefore now be Vi + v, feet from 
its original position in space, or if v be its actual velocity 

i; = Vi + v, (4) 

(2) If two compon&ni velociiies have opposite directions in the 
same straight line the Besultant is their Difference, and has the 
direction of the greater component. 

Let a point have two uniform velocities, v^ and % in 
opposite directions. Then, as before, the resultant velocity 
is uniform. To find its magnitude, let us again suppose 

that the point is moving along AB 

^^ with velocity Vi, but that the page is 

moving in the direction of BA, that 
is, in the opposite direction, with velocity v^ If Vi be greater 
than Vj, the point will, after one second, be v^ — v^ feet from 
its original position in the direction of AB, or, if z; be its 
actual velocity, 

v = Vi — V2 (5) 

If V2 be greater than v^ the point will, after one second, 
be v^ — Vi feet from its original position in the direction 
of BA. It is not necessary to form a new equation in this 
case, for equation (5) may be put into the form 

v=^ — {Vt — Vi)y 

which will apply to this case if we agree to consider that 
a negative velocity means velocity in the opposite direction 
to that chosen as positive. 

Cm'ollary, — If a point have two equal and opposite velocities 
in the same straight line, it is at rest. 

Proof — For if in (5) Vi = % 

then t; = »! — Vj = 0, 

or the point is at rest. 

10 



PARALLELOGRAM OF VELOCITIES. § 12 

Examples.— 

1 . A ship is sailing with velocity 15, and a sailor walks along 
the deck in the direction of the ship's motion with velocity 6. 
Find the actual velocity of the sailor. 

Here v^ = 15, v, = 6, 

/. By (4) V = t;^ +t;, = 21. 

2. Find the sailor^s actual velocity when he walks at the same 
rate in the opposite direction. 

Here v^ = 15 and t^g = 6 in the opposite direction, 

/. By (6) V ^ v^ - t?, = 9. 

3. Find the sailor's actual velocity when he runs with velocity 
32 in the direction opposite to the ship's motion. 

Here t;^ = 15, i^, = 32 in the opposite direction, 

.-. By (5) «? = Vj - t;, = 15 - 32 = - 17, 

or the real velocity of the sailor is 17 in the direction opposite to 
the ship's motion. 

Examples for Exercise.— 

1. A stream has a velocity of 2 miles an hour, and a boat 
is rowed first up stream and then down at the rate of 8 miles an 
hour. Find its actual velocity in each case. 

2. A sledge party travels northwards on an ice-floe at the rate 
of 12 miles a day. The floe is itself drifting southwards at the 
rate of 15 yards a minute. In what direction is the sledge really 
moving, and at what rate 1 

3. A river steamer sails down stream at the rate of 15 miles 
an hour, and up stream at the rate of 11 miles an hour. Find the 
velocity of the river, and that of the steamer relatively to it 

12. Parallelogram of Velocities. — If two component vela- 
cities be represented in magnittide and direction by two adjacent 
sides of a parallelogram, the resuttani is represented by the 
diagonal passing through their intersection. 

11 
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Let a point have two uniform velocities represented by 

the straight lines AB and AD. 
Complete the parallelogram ABCD. 
Join AC. AC represents the re- 
sultant velocity. 

Proof, — Since the component 
velocities are uniform, or the same 
at each instant, their resultant is also the same at each 
instant both in magnitude and direction, that is to say, it 
is a uniform velocity in a straight line. 

To find it, let us suppose that the point moves with 
velocity AB along the straight line AB, and that the page 
is in motion in the direction AD with velocity AD. 'After 
one second the point will have moved along AB from A to 
B, but the line AB will itself have moved into the position 
DC, owing to the motion of the page, and therefore the 
point will now be at C. It has therefore moved in the direc- 
tion AC with velocity AC. 

13. Triangle of Velocities. — If a point have three componerd 
velocities, which are represented in magnitude and direction by 
the sides of a triangle taken in order, the point is at rest. 

Let a point have three uniform velocities represented by 
the sides AB, BC, CA of the triangle ABC. 





Figure 1. 



Figure 2. 



Li the parallelogram ABCD, BC is equal and parallel to 
AD, and thus equally represents the component velocity in 
that direction. Therefore in the triangle ABC (figure 1), 
the velocity AC is the resultant of the two velocities AB and 

12 



POLYGON OF VELOCITIES. § 14 

BC. If we combine with these the velocity CA (figare 
2), then the two velocities AC and CA are equivalent to 
the three velocities AB, BC, and CA. But AC and CA are 
two equal and opposite velocities. Therefore the point is 
at rest. 

14. Polygon of Velocities. — Ifs&oerdl component velocities 
he represented by all bat one of the sides of a polygon taken 
in order, their resvJtant is that side taken in Uie opposite 
directum. 





A B A '^ B 

Figure 1. Figure 2. 

Let AB, BC, CD, DE (figure 1) be the component 
velocities. Then AC is the resultant of AB and BC. 

AD is the resultant of AC and CD, that is, of AB, BC, 
and CD. 

AE is the resultant of AD and DE, that is, of AB, BC, 
CD, and DE. 

Corollary, ^If a point have component velocities represented 
by all the sides of a polygon taken in order it is at rest. 

Let a point have velocities represented by AB, BC, CD, 
DE, EA. 

AE is the resultant of AB, BC, CD, and DE. 
.*. AE and EA are equivalent to AB, BC, CD, DE, and 
EA. 

But AE and EA are two equal and opposite velocities. 
.'. The point is at rest. 

Note. — ^The above proofs hold good when the velocities, and 
therefore the sides of the polygon, are not all in one plane. 

13 




§ 14 KINEBIATICS. 

Example.— 

A point has the following simultaneous velocities, 8 north, 7 
north-east, 8 east, and 7 south-east. Find the resultant velocity. 

Draw a line PQ north = 8 

QR north-east = 7 
RS east = 8 

ST south-east = 7 
PT is the resultant velocity. It 
will be found by measurement to be 
rather greater than 19. 

Examples for Exercise.— 

1. Find by means of a figure the resultant of the following 
velocities, 6 north, 2 east, 2 south, 5 west. 

2. Find the resultant of velocities 3, 4, and 5 in the directions 
of the sides of an equilateral triangle taken in order. 

Note. — The advanced student may obtain the same results by 
calculation. 

Examination on Sections 9—14. 

1. When can a material body be said to have a certain velocity? 
Give an example of a body which moves so that its different 
parts have different velocities. 

2. Define component and resultant velocities, and give 
examples. 

3. Prove that, if two component velocities are in the same 
direction, the resultant is their sum. 

4. Prove that, if two component velocities are in opposite 
directions, the resultant is their difference. 

5. Prove that a point which has two equal and opposite velo- 
cities is really at rest. 

6. Enunciate the proposition known as the Parallelogram 
of Velocities. 

7. Prove that, if two velocities be represented by two adjacent 
sides of a parallelogram, the resultant is the diagonal through 
their point of intersection. 

8. Enunciate the proposition known as the triangle of velocities. 

14 



VELOCITIES AT RIGHT ANGLES. § 15 

9. Prove that if two velocities are represented by two sides 
of a triangle taken in order, the third side of the triangle is their 
resultant. 

10. Prove that the resultant of three velocities, which are pro- 
portional and parallel to the sides of a triangle taken in order, is 
zero. 

11. Show how to find the resultant of any number of velocities 
co-existing in a point. 

12. When any number of simultaneous velocities exist in a 
point, what is the condition that their resultant vanishes ? 

15. Besnltant of two Velocities at Bight Angles. — If 

^ the component velocities AB and 
— ;;^ ^"l^^ ^^ ^jg ^^^ gQ ^^ ^^ right 

angles, the parallelogram ABCD is a 
rectangle, and the triangle ABC is 
right angled. 

By Geometry (Euclid I., 47). 

AC2 = AB2 + BC2 
or, if Vi and v^ be the components and v the resultant 
velocity, 

t;2 = f;j2 + t;j2 (6) 

hence, extracting the square root of each side, 
Example.— 

A ship sails eastwards with velocity 4, and is at the same time 
carried northwards by a current with velocity 3. Find its real 
velocity. 

Here v, = 4 /. v,* = 16 

V, = 3 .'. «?,2 = 9 
And by (6) ^ =^ v* + v^^ = 25 .'. v = 5. 
Also the direction of the ship's real motion is that of AC in 
the above figure if AB = 4 and BC = 3. 

Examples for Exercise.— 

1. A ship is sailing at the rate of 12 miles an hour. A sailor 

15 



{{ 16, 17 KINEMATICS. 

walln jieroOT the deck at the rate of 5 miles an hour. Find his 
resahant T^oeity, showing its direction hy means of a fignre. 

S. A man swims across a river with velodtj 3*6. The velocitj 
of the carrent is 10'5. I^nd the real velocity of the man. 

3. If the riTer in the last examine is 972 feet broad, find how 
far the man is carried down by the corrent. 

16. Besoltant cxf two Eq:iial Velocities. — If two component 
vdoeUies he eqtuil, the resuUaiU tcUl Used the angle heiween 
them. 

Proof. — In the parallelogram of velocities ABCD, let 
AB » AD, then BC also =» CD, and the triangles ABC, 
ADC have three sides eqnaL 

/. the angle DAC = the angle BAC (Euclid I., 8). 

17. Besnltant of any two Velocities. — ^Let AB and 
AD, or AB and BC, be any two velocities whose directions 
form a given angle DAB, and let AC be their resultant. 



A ^B E A^ ^_ _ 

Fiinire 1. Figure 2. 

From C draw CE perpendicular to AB, meeting it, pro- 
duced if necessary, in E. By Geometry 

(1) If DAB be acute, as in figure 1, then ABC is obtuse. 
.-. AC* = AB* + BC8 + 2AB.be (Euclid II., 1 2), . (7) 

(2) If DAB be obtuse, as in figure 2, then ABC is acute. 
.-. AC* = AB« + BC* - 2AB.be (EucUd II., 1 3), . (8) 

Equation (7), or (8), enables us to calculate the value of 
AC, provided we know the length of BE. This can be 
found by elementary Geometry when the angle DAB is one 
of the following :-.30% 60^ 120^ 150^ 45^ 135°. 

In the first four cases the triangle BCE is the half of an 
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equilateral triangle, and its hypotenuse BC is equal to 
twice its shortest side; in the last two cases GE is equal 
to BEj thus in all cases BE can be found. We give 
an example of each kind of triangle. The second example, 
in this and in the following section, may be omitted by 
those who do not understand surds. 

Examples*— 

1. Find the resultant of two velocities 10 and 6 whose directions 
form an angle of 60°. 

In figure 1, let AB = 10, BC = 6, Z DAB = ZCBE = 60**. 
Then CBE is the half of an equilateral triangle. 

.'. BE = ^ BC = 3. 
By (7) AC« = AB2 + BC^ + 2AB BE. 

= 100 + 36 + 60 = 196 .-. AC = 14. 

2. Find the resultant of velocities 7 and 4, making an angle 
of 135^ 

In figure 2, let AB = 7, BC = 4, Z DAB = 135°. 
Then ZCBA = 180° - 136° = 46°. 

.-. Z BCE = 46°. 
.-. CE = BE. 
and BC2 = BE2 + CE^ = 2BE2 

.-. BE2 = 4" ^C« 

1 4 

/. BE = --.BC= _ = 2V2 

V2 V2 

By (8) AC2 = AB2 + BC* - 2AB BE 

= 49 + 16 - 28 V 2 = 66 - 28 -• 2 

.-. AC = \/65 - 28 -• 2. 

Examples for Exercise — 

1. Find the resultant of velocities 7 and 8 at an angle of 60°. 

2. Find the resultant of velocities 8 and 5 at an angle of 120°. 

3. Find the resultant of two unit velocities — (1) at 30°, (2) at 
45°, (3) at 15Q°. 

17 
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18. Besolntion of a Velocity in two Directions at 
Right Angles. — ^Let AC be any c 
velocity. Through A draw any 
straight line AF, and from C 
draw CB perpendicular to AF. 
Then the velocity AC is the re- 
sultant of the velocities AB and 
EC. These velocities are called the resolved parts of AC 
along and perpendicular to AF. 

Examples-— 

1. Let AC be a velocity of 5, and let AB, one of its rectangular 
components, be equal to 4. Find BC. 

BC2 = AC« - AB2 = 25 - 16 = 9 
.-. BC = 2 

2. Let AC be a unit velocity, and let the Z CAF = 30^. 
Find the components of AC along and perpendicular to AF. 

The angles CAB and ACB together make up a right angle. 

.-. Z ACB = 60° 
.'. ACB is half an equilateral triangle, and CB = } AC = J. 
also AB2 = AC2 - CB2 = 1 - i = } 

.-. AB = i V 3. 

Examples for Exercise.— 

1. A vertical velocity is equal to 4. Find its component along 
a line which makes an angle of 30° with the horizon. 

2. A velocity of 3 V ^ is iu a direction inclined at an angle of 
45° to the horizon. Find its horizontal component. 

19. Composition and Resolution of Variable Velocities. 
Variable velocities may be compounded and resolved in 
the same manner as has been shown to hold good for uni- 
form velocities. For the eflfect of a variable velocity at any 
instant is the same as that of an equal uniform velocity, and 
in compounding we are only concerned with the instanta- 
neous efifect. 

18 
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20. Change of Velocity.— Let the velocity of a point at 

given instant be AB. If the 
velocity be uniform AB will 
continue to represent it, but if 
it be variable then after an in- 
A B terval of time, it will be found 

to have changed in magnitude, or in direction, or in both. 

Let AC be the new velocity. The change in the velocity 
is the same as would have been caused by combining with 
AB a velocity BC. BC is therefore called the change of 
velocity during the interval. The change of velocity is de- 
fined when we know its direction and magnitude. 
Examples.— 

1. A stone is thrown up with velocity 12. After an 
interval it is found to be descending with velocity 8. 
Find its change of velocity. 

From A draw AB to represent the original, AC the 
changed velocity. BC will represent the change of 
velocity. 

Here AB is vertically upwards =12 



BA 



A- 



Ct 



AC 
BC 



» 



» 



99 



» 



downwards = 8 
= 20. 




2. A velocity of 4 east is changed into 3 north. 
Find the change of velocity. 

Drawing the figure we see that the triangle 
ABC is right angled at A. 

/. BC» = AB2 + AC2 = 16 + 9 = 26 
.-. BC = 5. 
Its direction is given by the figure. 
Examples for Exercise.— 

1. A point revolves in a circle with unit velocity. Find the 
change in velocity during an interval in which an arc of 60° is 
described. 

2. Find the change in velocity during an interval in which the 
same point describes a quadrant. 

21. Acceleration. — When the velocity of a point varies, 
the rate of change is called the Acceleration, Like Velocity 



§ 22 KINEMATICS. 

it is uniform or variable. Uniform Acceleration is measured 
by the change of velocity in a unit of time. A point has there- 
fore unit acceleration when it receives in each second a 
change of velocity (see § 20) of one foot per second. Like 
velocities, accelerations are represented by straight lines in 
their directions, and proportional to their magnitude. They 
are compounded and resolved in the same way as velocities. 
A velocity is said to be accelerated whenever it is changed 
either in magnitude or in direction, or in both; thus a velo- 
city undergoing acceleration may have its magnitude in- 
creased or diminished, or its direction may be changed whHe 
its magnitude is left unaltered. 

22. Uniform Acceleration in the Direction of Motion. — 
Let a point be in motion with velocity Vy and let it have a 
uniform acceleration a in the direction of motion. Then 
the increase of velocity in each second is equal to a. 

.*. At the beginning its velocity is F, 
After one second „ is F+ a. 

„ two seconds „ is ^+2*. 

„ three „ „ is F+ 3a, and so on. 

„ t „ „ is F-hta or V+at, 

If, then, the velocity after t seconds be called v, 

V = F + at (9) 

To find the space passed over, we must first find the 
average velocity. Since the velocity increases uniformly, 
the average velocity during any interval is equal to the 
velocity at the middle of that interval ; or, what is the 
same thing, half the sum of the velocities at the beginning 
and end of the interval.* 

* The same is true of any quantity which increases uniformly. Thus, 

the average value of a man's age between his 20th and 30th year 

20 "f* 30 
is ^ — or 25, and is so solely because age is a quantity which increases 

uniformly. 

20 
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Thus, to find the average velocity during t seconds, we 
have — 

Velocity at beginning = V. 
Velocity at end = V + at. 

. •. Their sum = 2 F + at. 

Dividing this sum by two, we find the average velocity 

= F + ^at. 
Also, if 5 be the space passed over, then 

8 ^ {V + i C!,t)t 

= Vt ■¥ ^a^ (10) 

Examples.-- 

1. A body has a uniform acceleration 12. If its initial velocity 
be 7, find its velocity after 5 seconds. 

By (9) V = V+ at 

here F = 7, o = 12, ^ = 5. 

.-. v = 7 + 12x5 c= 67. 

2. Find the space which the body passes over during the five 
seconds. 

By (10) « = FiJ + i a^« 

= 7x5 + ixl2x25 = 35 4- 150 = 185 feet. 

3. A body starts from rest with a uniform acceleration gf. Find 
its velocity after t seconds, and the space passed over in that 
time. 

Here « = ^> and F = 

By (9) V = F+ at == 0-\- gt 

By (10) s = Vt + iat^ ^'O'h igtl 

Hence we obtain the equations v «= gt, s ^ ^ g^. 

We shall afterwards find that this is the case of a body falling 
under the actiou of gravity. 

21 
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4. A bodj starts from rest with a uniform aooelention of 32*2. 
Find its Yelocity after 8 seconds. 
Here the equations are these of example (3). 

V ^ ^ 

Also g » 32-2, t ^ 8 

/. V » 257*6 and « » 1030*4. 

Examples for Exerdse-— 

1. A body starts with velocity 7, and has a uniform accelera- 
tion ^. Find the velocity after 12 seconds, and the space passed 
over in that time. 

2. A body starts from rest, and has a uniform acceleration 10. 
Find in what time it describes 125 feet^ and what is its velocity 
at the end of that time. 

3. A body starts with a velocity 48'3, and has a uniform 
acceleration 32*2. How far will it travel in 10 seconds, and 
what will be its velocity after that interval ? 

23. XJnifoim Acceleration opposite to the Direction of 
Motion. — Let a point be in motion with yelocity V, and let 
it have a uniform acceleration a opposite to the direction of 
motion. Then the decrease of velocity in each second is a. 
Therefore the velocity after t seconds is F- a/, or 

v^F'-ai (11) 

Also, the average velocity = F - J a/, and therefore the 
space passed over in t seconds is (V-^oU) t, or 

a^Vi-^afi (12) 

Examples-- 

1. A body has a velocity 10, and an acceleration 2 opposite to 
its motion. Find how far it will go in 3 seconds, and its velocity 
at the end of that time. 

Here by (11) v ^ V - oi 

= 10 - 2x3 = 4 
Also by (12) s -^ Vt - ^at^ 

= 10x3 - ix2x9 = 21. 
22 
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2. Find after what time the body will come to rest 
Here we have to find what value of t makes v ^ 0, 

That is F - of = 0. 

This may be written F = of , 

Or of = p 

F 10 ^ 
/. f =» — = 7—= 6 seconds, 
o 2 

3. A body starts with velocity F in a certain direction, and 
has a imiform acceleration ff in the opposite direction. Investi- 
gate its motion. 

Here (11) and (12) take the forms. 

V => V - srt 
s ^ Vt - ig^. 
From these equations we see that v, which is at first = F, 

F 
gradually gets smaller until it is equal to nothing, when t = — . 

9 
After that v is negative, or the body begins to move in the direc- 
tion opposite to its former motion. If we substitute for t in the 

F F2 

second equation the value — > we obtain for s the value r— , which 

is the farthest point reached by the body. 

We shall afterwards find that this is the case of a body thrown 
upwards, and acted on by gravity. 

4. A body starts with velocity 80'5, and a uniform acceleration 
32.2 opposite to its direction of motion. Find its velocity and 
position after 4 seconds. Here the above equations give 

V = 80-6 - 32-2x4 
= - 48-3 
8 = 80*5X4 - iX32-2xl6 
= 64-4. 
.'. After 4 seconds the body will be returning with a velocity 
48*3, and will be 64*4 feet from the starting point. 

Examples for Exercise.— 

1. A body has a velocity 16, and a uniform acceleration 3 
opposite to the direction of motion. 

(1) How far will it go in 3 seconds ? 

(2) What will be its velocity after 3 seconds ? 
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(3) When will the body stop? 

(4) How far will it go before stopping ? 

(5) What will be its velocity and distance after 8 seconds ? 

(6) When will it return to its starting pointy and with what 

velocity ? 
2. A body starts with velocity ng, and has a uniform acceler- 
ation g opposite to the direction of motion. 

(1) Show that it will be at rest after n seconds. 

(2) Find the distance i^ached in that time. 

(3) Show that it will take n seconds to return from that 

distance. 

(4) Show that it will reach the starting point again with 

the same velocity with which it left it. 

ExaminatioiL on Sections 15—23. 

1. Find the resultant of two velocities at right angles. 

2. Prove that the resultant of two equal velocities bisects the 
angle between them. 

3. Find the resultant of any two velocities whose directions 
form an acute angle. 

4. Find the resultant of any two velocities whose directions 
form an obtuse angle. 

6. What is meant by resolving a velocity in two directions 
at right angles '? 

6. Prove that variable velocities may be compounded and re- 
solved in the same manner as uniform velocities. 

7. Define change of velocity. 

8. Define acceleration. How is it measured when uniform ? 

9. Prove that with uniform acceleration o in the direction of 

motion, if F be the initial velocity and v the velocity after t 

seconds, 

V ^ V -\- at. 

10. When a point moves with uniformly accelerated velocity 
during any interval of time, how is the average velocity obtained ? 
At what time was the point moving with the average velocity ? 

11. Find the space passed over in time ^ by a point moving 
with initial velocity V and uniform acceleration in the direction 
of motion. 

12. Form the equations of motion of a point which has uniform 
acceleration opposite to the direction of motion. 
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(General Examples in Einematics. 

[It is not necessary that the student should solve all the general examides. He 
should merely write out a sufficient number to make sure that he has mastered the 
principles of the chapter. The others may be useful when he comes to reyise.] 

1. Express the following velocities in feet per second. 

(1) 12 miles an hour. 

(2) 2500 miles in 24 hours. 

(3) 9 inches in 14 minutes. 

(4) 25 feet a minute. 

(5) 100 miles in an hour and a half. 

(6) 5 yards a second. 

(7) 10 feet in -J of a second. 

(8) 75 feet in 2 hours. 

(9) 91,760,000 miles in 8 minutes and 16 seconds. 

(10) ^ of ^ of an inch in | of ^ of a second. 

2. The following velocities are in feet per second. Express 
them in miles per hour. 

(1) Channel steamer 22. 

(2) Carrier pigeon 120. 

(3) Sound 1122. (This varies with the temperature, &c.) 
(4; A rifle bullet 1342. 

(5) The earth's centre 101,090. 

3. Find the number of miles travelled in 20 minutes by bodies 
moving with the velocities mentioned in question 2. (5 answers). 

4. Find the number of feet travelled in ^\y of a second by the 
same bodies. (5 answers). 

5. Find the number of seconds each of these bodies takes to 
pass over 22 feet. (5 answers). 

6. Find the velocity of a point which passes over — 



(1) a feet in b seconds. 

(2) 2a feet in 3a seconds. 

(3) a yards in b minutes. 



(4) 10 feet in a + 6 seconds. 

(5) a^ft feet in ab^ seconds. 

(6) a^ — b^ feet ma + b seconds. 



7. Find how many seconds a point takes to describe a circle 
with uniform velocity in the following cases : — 



(1) Eadius 1, velocity 1. 

(2) „ a, „ V. 



(3) Badius J, velocity «*. 

(4) „ 7, „ 3x. 



KOTE. — r represents the ratio of the circumference to the diameter of a 
circle, or 2irr is the circumference of a circle whose radius is r. 
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8u A man vaDcB 3 miles in an hour, and a foorOi mile in 18 
minntea find his average Telocity — 

(1) in feet per second. 

(2) in miles per hoar. 

9. A man walks 10 miles in 2^ horns, walking for the first 
f of an honr at the rate of 5 miles an hour. Find his arerage 
Teloctt J during the remainder of the time — 

(1) in feet per second. 

(2) in miles per hour. 

10. If the Telocity of a bullet is 1250 and that of sonnd 1200, 
how much time will elapse, on a range of 1000 yards, between 
the time that the bullet strikes the target and the time that the 
soond of the discharge reaches the target ) 

11. A walks along a road at the rate of 4 miles an hour. 
After he has gone 7 miles B follows him, walking at the rate of 
5 miles an hour. How far will B hare walked when he OTer- 
takesA? 

12. Compoimd the following velocitiea in the same straight 
line: — 

(1) 3, 5, 7, and 12, all forwards. 

(2) 6, 8, and 9, all backwards. 

(3) 4 and 7 forwards, 9 backwarda 

(4) 7 forwards and 13 backwards. 

(5) a + 6 forwards and a — h backwards. 

(6) x{a: - \){x - 2) forwards and jr(j?+ l)(a;-f 2) backwards. 

13. A boat is rowed at Hie rate of 6 miles an hour in still 
water. How long will it take to row it 5 miles up a river against 
a current flowing 5 feet in a second 1 

14. If the boat (in last example) be rowed down the same 
stream, how far will it go in an hour ? 

15. A runs 100 yards in 12 seconds, B runs a mile in 5 minutes. 
Find the ratio of their velocities. 

16. Find the resultant of two yelocities, v^ and v„ whose 
directions are at right angles when their values are — 

(1) 6 and 8. 

(2) 1, }. 

(3) 8, 15. 
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(4) 5x , ^ix. 
(6) 20, 21. 

(6) i;, + t;. = 17 ) 

(7) 2av^ + bv^ « a» ) 
av, - 26^;^ =» 6» J 

17. Find by means of accurately drawn figures the directions 
and magnitudes of the resultants of the following velocities : — 

(1) 3 and 4 at 46*. 

(2) 4 and 6 at 105**. 

(3) 2, 5, and 7 in the directions of the sides of an equilateral 
triangle taken in order. 

(4) 3, 4, and 5 in the directions of three consecutive sides 
of a square. 

(6) 2, 3, 2, 4, and 3 in the directions of 5 consecutive sides 
of a regular octagon. 

18. Find the resultants of the following pairs of velocities at 
an angle of 60° : — 

(1) 5 and 16. 

(2) 1, 1|. 

(3) 2a? + 1, a:(3x + 2). 

19. Find the resultants of the following pairs of velocities at 
an angle of 120° :— 

(1) 16 and 21. 

(2) 8i, 10. 

(3) 2x + 1, a<JF + 2). 

20. Find the resultants of velocities in the directions of the 
sides of an equilateral triangle taken in order, whose values are — 

(1) 4, 4 and 5. 

(2) 9, 14, and 17. 

21. Find the resultants of velocities in the directions of the 
sides of a square taken in order, whose values are — 

(1) 2, 2, 2, and 1. 

(2) 3, 2, 1, and 0. 

(3) 7, 5, - 3 and - 2. 

22. A bullet has velocities of 400 northwards, of 300 eastwards, 
and of 1200 vertically upwards. Find its resultant velocity. 
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23. A ship is sailing at the rate of 11^ miles an hour. A 
sailor climbs a mast 55 yards high in 24 seconds, find his rate of 
motion relatively to the surface of the earth. 

24. Two men walk along two straight roads, which form a 
right angle, at the rate of 4 and 4^ miles an hour. If they 
started from the intersection of the roads, how far apart will 
they be 5 hours afterwards ? 

25. The resultant of two velocities bisects the angle between 
them. Prove that the velocities are equaL 

26. The resultant of two equal velocities is equal to either of 
them. Find the angle between the components. 

27. A velocity of 12 is changed into a velocity of 5 at right 
angles to its former direction. Find the change of velocity. 

28. A velocity of 13 has a horizontal component of 12. Find 
its vertical component. 

29. Find the change of velocity in each of the following cases : — 

(1) 4 north into 5 north. 

(2) 4 north into 5 south. 

(3) 1 east into V2 north-east. 

(4) 1 east into 1 south. 

30. A velocity represented by one side of an equilateral tri- 
angle is changed into that represented by another side taken in 
the opposite direction round the triangle. Find the change in 
magnitude and direction. 

31. A velocity v has v^ and v^ for its rectangular components. 
Find v^ in the following cases : — 

(1) i; = 12J , r;, = 7J. 

(2) «; = 29 , «^i = 21. 

(3) «; = 73 , «?! = 55. 

32. A velocity of 6 becomes one of 3 at an angle of 60° to its 
original direction. Find the change of velocity. 

33. A particle moves with uniform acceleration during 3 
seconds. Its initial velocity is 7 and its final velocity is 13. Find 

(1) the average veloci^. 

(2) the space passed over. 

(3) the acceleration. 
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34. A body starts with velocity 4, and has a uniform accelera- 
tion IJ in the direction of motion. Find — 

(1) the velocity after 10 seconds. 

(2) the average velocity during that time. 

(3) the space described in that time. 

35. A body starts from rest with uniform acceleration 32. 
Find— 

(1) how far it travels in 1 second. 

(2) what distance is passed over in the second second. 

(3) its velocity after 5^ seconds. 

(4) the space described in 5^ seconds. 

36. A body has an initial velocity 2^^ and a uniform accelera- 
tion g. Find — 

(1) its velocity after 4 seconds. 

(2) the space described in that time. 

37. A body starts from rest with uniform acceleration g = 32*2. 
Find— 

(1) the velocity after 5 seconds. 

(2) the space described in 5 seconds. 

(3) the velocity after n seconds. 

(4) the space described in n seconds. 

(5) after what time the velocity will be 4^. 

(6) after what time the distance travelled will be 18^. 

38. A body has velocity 29 and a uniform acceleration 3 oppo- 
site to the direction of motion. Find — 

(1) the velocity after 7 seconds. 

(2) the average velocity during that time. 

(3) the space described in 7 seconds. 

(4) after what time the body is at rest. 

(5) the whole space described before it comes to rest. 

39. A body has initial velocity ng and uniform acceleration g 
opposite to the direction of motion. Show — 

(1) that its velocity after n + r seconds is equal and oppo- 
site to its velocity after n — r, 

(2) that its distances from its starting point at the above 
mentioned times are equal. 
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CHAPTER IIL 

KINETICS. 

24. PreUminary. — In the preceding chapter we have con- 
sidered Motion from a purely mathematical point of view. 
We have now to apply its results to the motion of material 
bodies under the action of force. The introduction to 
Dynamics is supplied by Newton in his Frincipia, by means 
of definitions and axioms. We shall follow his order as 
closely as possible. 

25. Matter, Mass, Momentiun. — Matter is thai which 
occupies space. It might also be defined as that which 
exerts force, or which can be acted on by force. A detached 
portion of matter is called a Body, A body so small that 
its dimensions may be neglected is called a Particle, We 
shall find that all that has been said in Kinematics about 
the motion of a point, is true in Kinetics of the motion of 
a Particle. 

The Qvmdity of Matter in a body is called its Mass. It is 
convenient to take the pound avoirdupois as our unit of mass. 
The standard pound is a mass of platinum deposited in the 
Exchequer Office, and other masses are compared with it 
by weighing. 

The Quantity of Motion in a body is called its Momentum. 
It is measured by the product of the mass and the velocity 
of the moving body. Unit momentum is, therefore, the 
momentum of unit mass moving with unit velocity. Hence, 
if m be the number of pounds in the mass of a body, v its 
velocity, and M its momentum 

M=mv (13) 
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Examples,— 

1. Masses of 10 and 15 pounds have velocities 7 and 5 respec- 
tively. Compare their momenta. 

Let m^, m^ be the masses, 
w ^it ^a9 n their velocities. 
„ Ji/^i, M^, „ „ momenta. 
Then by (13) Jf^ = m^v^^70 

M^ = m,v,=75 
. ^i _ 70 ^ 14 

" M^ "" 75 "" 15 

2. The momentum of a mass m, moving with velocity v, is 
communicated to a mass m\ Find the velocity produced. 

Let ^ be the velocity produced. 
Then by (13) M^mv^ mv 

mv 
m 

Examples for Exercise.— 

1. A mass of 4 pounds has a velocity of 1000 feet per second. 
A mass of 100 has the same momentum, find its velocity. 

2. A mass of 6 lbs. has velocity 12. If the mass were divided 
into 3 portions of 1, 2, and 3 lbs., what must be their respective 
velocities, in order that each portion may have i of the original 
momentum of the whole mass ? 

26. Force. — As before, we define Force to be any cause 
which tends to alter a body's state of rest, or of uniform motion 
in a straight lin-e. 

A force is defined when its direction, its magnitude, and its 
point of application are known. It is therefore completely 
represented by a straight line, whose direction is that in 
which the force acts, whose length is proportional to its 
magnitude, and which is drawn from its point of application, 

A uniform Fm'ce is measured by the momentum which it 
generates in a unit of time. Our unit of force 'is therefore 
that which produces unit of momentum in a second, that 
is, which acting for one second on unit mass generates unit 
velocity. 
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The earth's attraction for one pound of matter, at or near 
the level of the sea, in any part of the British Islands, gives 
it in one second a velocity of very nearly 32*2. (See § 37.) 
The weight of a poand is therefore 32*2 times the unit force, 
that is, it is a force of 32*2. 

Examples.— 

1. A force 12 acts on a mass of 4 lbs. for 6 seconds, find the 
velocity produced. 

In each second a momentum 12 is generated, and therefore in 
6 seconds a momentum 72 

Or wii; = 6 X 12 = 72, 

But m = 4, 

72 
.\v = — =18. 
4 

2. How long must the earth's attraction act on a mass of 3 lbs. 
to produce a velocity 644 ? 

Here we must observe that since the earth attracts every part 
of the 3 lbs., the force applied is 3 X 32*2 or 96*6. 

This number, therefore, represents the momentum generated 
in each second. 

A mass 3 moving with velocity 64*4 has a momentum of 
3 X 64-4 or 193*2. 

The velocity required is therefore produced in two seconds. 

Examples for Exercise.— 

1. What force must act on a mass of 5 lbs. for 2 seconds to 
give it a velocity of 13 ? 

2. What time must a force 6 act on a mass 4, in the direc- 
tion of its motion, to increase its velocity from 8 to 20 ? 

27. Work. — A force does work when the body on which it 
acts moves in the direction of the force. Thus, when a stone 
falls vertically downwards, gravity does work. 

When a stone slides or rolls down a hill, its velocity may 
be resolved into two components, a horizontal and a vertical. 

33 



ENERGY. $ 28 

The vertical component is in the direction of gravity, and 
therefore gravity does work in this case also. 

When a body is raised, it is acted on by a force equal 
and opposite to that of gravity. This force does work, and 
the work done is said to be done against gravity. 

The work done by a uniform force acting on a body is measured 
by the product of the force and the distance through which the 
body moves in the directum of the force. 

The scientific unit of work is that done by unit force 
acting through unit space. The unit practically used in 
this country is the foot-pound, or the work required to raise 
the weight of one pound through one foot. As we have 
already seen, the weight of one pound is a force of 32*2, and 
hence a foot-pound is equal to 32*2 scientific units of work. 

Example. — A weight of 4 pounds is allowed to slide down 
an inclined plane whose height is three feet. Express in foot- 
pounds the work done by gravity. 

Since gravity acts vertically downwards, we must multiply the 
weight of the body in pounds by the distance which the body 
moves vertically downwards. The work done is therefore 12 
foot-pounds. 

Example for Exercise.— How much work is done against 
gravity by a man who weighs 14 stones, in climbing a mountain 
3000 feet high ? 

28. Energy. — Energy is the power of doing work. It is 
of two kinds, Kinetic and FoterUial, 

Kinetic Energy is the power which a moving body has of 
doing work in virtue of its motion. It is measured by half 
the product of the mass and the square of the velocity. 
Thus a mass m moving with velocity v has Kinetic Energy 

When a body is allowed to move freely under the action 
o 33 



§ 29 KINETICS. 

of force, the Kinetic Energy gained is the equivalent of the 
work done. Thus the Kinetic Energy of a falling body is 
the equivalent of the work done by gravity on it. If, on 
the other hand, a body is constrained to move against a 
force, the work done takes the form of Potential Energy,^ 

Thus, a weight requires work to raise it to a height, but 
the raised weight is a store of energy which can be made 
use of at pleasure. 

Bodies have, therefore. Potential Energy in virtue of 
their position with regard to other bodies which exert 
force on them. 

Examination on Sections 24~*28. 

1. Define matter. What is meant by a particle ? 

2. Define mass, w hat is the British unit of mass 1 

8. Define momentum. How is the momentum found when 
the mass and velocity of a moving body are given ? 

4. Define force. What are the three elements which specify 
a force ? Show that a straight line completely represents a force. 

5. How is a force measured 1 Show that the weight of 1 lb. 
is a force of 32*2. 

6. When is a force said to do work ? How is the work done 
by a force measured ? 

7. What is meant by a foot-pound] Compare it with the 
scientific unit of work. 

8. Define energy. What are the two kinds of energy ] 

9. What is kinetic energy ? Give an expression for the kinetic 
energy of a mass m moving with velocity v, 

10. When does work done on a body take the form of potential 
energy ? 

29. The Laws of Motion. — ^We now proceed to the axioms 

* This is only true in the case of forces which act equally and in the 
same direction, if the motion of the body be reversed. Thus it is true if 
the force be gravity, but not true if the force be friction. 
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of the subject, which are called the Laws of Motion, and 
are here translated from the Latin of the Frincipia. 

The axioms of Dynamics are self-evident to those who 
have a sound experimental knowledge of physical phenomena. 
They are proved to be true by the fact that the results, 
which are deduced from them, are in accordance in every 
case with the observed event. 

30. First Lai^ of Motion. — Every body continues in its state 
of rest or of uniform motion in a straight line, except in so far as 
it is compelled by forces to change that state. 

If we propel a curling-stone along a horizontal surface of 
ice, its velocity gradually becomes less. This is due entirely 
to two causes, the roughness of the ice and the resistance of 
the air. The smoother the ice and the rarer the atmos- 
phere, the more nearly uniform is the v^ocity of the curling- 
stone. Hence we infer that if we could obtain perfectly 
smooth ice and a perfect vacuum, the velocity of the curling- 
stone would be uniform. 

31. Inertia. — The property of matter in virtue of which it 
tends to maintain its state of rest or of uniform motion in a 
straioht line is called its Inertia. 

The first law of motion asserts the existence of inertia, 
and that force is required to change a body's state of rest or 
motion. 

Thus the inertia of our bodies is the cause of the jerks 
we receive when sitting in a carriage which is suddenly set 
in motion, or suddenly stopped. In the first case our state 
is one of rest, and tends to remain so, in the second it is 
one of motion, and tends to continue so. 

32. The so-called Oentriftigal Force. — ^The first law of 
motion shows us that, whenever a body moves in a curve, 
it does so because of some force which continually changes 
its direction, and thus prevents it from continuing to move 
in a straight line. 
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As an example, consider the case of a stone S tied to a 

string SC, and swung in a circle 
round the hand G. At any in- 
stant the stone is moving in the 
direction of. the tangent ST, and 
would continue to move in that line 
were it not prevented from doing 
so by the tension of the string. 
If, however, the string break, the 
stone will fly oflf along the tangent. 
In this case, the tension of the string is the force which, 
at each instant, prevents the stone from continuing its 
natural motion in a straight line. It was formerly supposed 
that this force was rendered necessary by a centrifugal force, 
called into action by the fact of the body's moving in a 
curve; and the name is still generally applied to the 
tendency such a body has to fly off at a tangent, and thus 
increase its distance from the centre. The term is doubly 
misleading. First, it is not an eftect of forces but a result of 
the inertia of the moving body ; secondly, it is not, properly 
speaking, cmtrifugaly for the tendency is not to motion along 
CS produced, but along ST. 

The following are examples of bodies which move in 
curves owing to the action of some force. 

The earth in its annual motion round the sun has its 
direction continually changed by the sun's attraction. The 
particles of a fly-wheel are forced by cohesion to move in a 
circle ; if the velocity of the fly-wheel is made so great as to 
overcome the force of cohesion, the wheel will fly asunder. 
When a wet mop is trundled, the adhesion of the drops of 
water is not sufficient to prevent their flying off at a 
tangent. 

33. The Measurement of Time. — The first law of motion 
gives us a means of measuring time. It tells us that every 
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body, unacted on by force, passes over equal spaces in equal 
times. It follows from this that a rotating body, whose 
rotation is unresisted, turns through equal angles in equal 
times; and hence we can define equal times as those in 
which the earth turns through equal angles. 

Examination on Secttons 29—33. 

1. Enunciate the first law of motion, and illustrate it by an 
example. 

2. Define inertia. 

3. What is meant by centrifugal force ? Show that the term 
is a misleading one. 

4. Show that the first law of motion enables us to define equal 
portions of time. 

34. Second Law of Motion. — Change of Momentum is pro- 
poriional to the force which catises it and is in the direction of 
the straight line in which the force acts. 

In other words, a given force acting on a body for a given 
time always produces the same change of momentum, what- 
ever be the mass of the body on which it acts, and whether 
that body be at rest or in motion in any direction with any 
velocity. 

35. The Measurement of Force. — ^The second law of 
motion gives us a means of comparing different forces. 
Apply different forces for equal times to the same body at 
rest and observe the velocities produced. Since the mass is 
the same in each case, the momenta generated are propor- 
tional to the velocities, but, by the second law of motion, 
the forces are proportional to the momenta, and therefore 
to the velocities. 

Algebraical Example. — Forces f and /, act on a mass m 
for equal times and give it respectively the velocities Vi and 
r, ; compare the forces. 
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Since the forces are measured by the momenta, we have— 

/. -lL = — L - _L, or the forces are proportional 

to the velocities. 

36. The Measurement of Mass. — ^The second law also 
enables us to compare masses. For if equal forces act for 
equal times on different masses, the velocities produced are 
inversely as the masses. 

Again, if different forces be applied for equal times to 
these masses, so as to give them the same velocities, then 
the forces must be proportional to the masses. Thus we 
see that a mass may be measured by the force required to 
give it a certain velocity. In other words — a mass is 
measured by its inertia. 

Example. — ^The same force is applied for one second to masses 
of 4, 6, and 8. When applied to 4, it gives it a velocity of 12. 
Find the force. What velocities will it give the other masses ] 

Here / = mv = 48 

Therefore when m = 6, v = 8. 
And when m = 8,v = 6. 

Thus the velocities produced are inversely as the masses. 

Example for Exercise. — Two forces/i and/, applied for equal 
time to masses 9 and 12, give the same velocity. Find /, , if 
/.=8. 

37. The Force of Gravity. — The great law of gravitation 
announced by Sir Isaac Newton is, JEvery particle in the uni- 
verse attracts every other with a force whose direction is that of 
the line joining the two, and whose magnitude is directly as the 
product of their masses, and inversely as the square of their 
distance from each other. 

38 



FALLING BODIES. § 38 

A particle of matter near the surface of the earth attracts, 
and is attracted by, all the particles of which the earth is 
composed. The resultant (see § 41) of all these forces is a 
single force tending to move the particle towards the centre 
of the earth, and called the force of gravity, or the weight 
of the particle. 

It follows from the law of gravitation that this force is 
proportional to the mass of the body, and varies inversely 
as the square of its distance from the centre of the earth. 
Thus a body weighs less at the top of a hill than at the 
bottom, and, owing to the shape of the earth, weighs less at 
the equator than the poles. But this variation is so slight 
that in the case of small distanced it may be neglected, and 
we may regard the force of gravity as constant. We have 
already seen that the attraction of the earth on a mass of 
one pound is nearly equal to 32*2 units of force in the 
British Islands. It is convenient to represent this number 
by the letter g. Thus ^ = 32-2. If the mass of a body be 
m pounds, then its weight is mg. Thus bodies of the same 
mass have the same weight at the same place, 

38. Falling Bodies. — We are now able to investigate the 
motion of bodies falling under the action of gravity. 

The earth attracts a mass m, with a force m^, and there- 
fore, if the mass be acted on by gravity alone, it will receive 
a downward momentum, m^, in each second, and thus its 
downward velocity will be increased in each second by g 
units of velocity. We have therefore uniform acceleration 
in the direction of motion, the case discussed in § 22, sub- 
stituting g for a in equations (9) and (10), and we obtain 

v^V+gt ..... (14) 
s=Ft + igt^ .... (15) 

the equations of motion of a falling body, with an initial 
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velocity V, downwards. K the body fall from rest, V^ 
and the equations become 

v^gt (16) 

* = i^ (17) 

Examples.— 

1. A mass of 6 lbs. falls from rest How far will it fall ia 
10 seconds, and what will be its momentum after that time ? 

By (17) s = J^« 

= J X 32-2 X 100 = 1610 feet 
By (16) v-=^gt 

= 32-2x 10 = 322 
.'. its momentum m v = 6 X 322 = 1932. 

2. A stone is thrown down a well with velocity 60. If it 
reach the bottom in 2 seconds, how deep is the well 1 

By (15) 8-^Vt-\- ifft^ 

= 50 X 2 + J X 32-2 X 4 = 164-4 feet 

3. A body falls from rest. In what time will it fall 100 feet ? 

By (17) 8 = ifft^ 

2« 200 . , 

i* = — = oaTa = 6*21 approximately 

if 

t = \/6'21 = 2*5 seconds, approximately. 

Examples for Exercise.— 

1. A stone weighing 4 lbs. is dropped from a balloon, and 
reaches the earth after 18 seconds. Find the momentum with 
which it strikes the earth, and the height of the balloon. 

2. With what force must a bullet of 2 ounces weight be pro- 
pelled downwards in order that it may fall 1000 feet in two 
seconds % 

3. A well is 559 feet deep. Find approximately the time 
which will elapse between dropping a stone into the well and 
hearing the sound of the splash. (Take the velocity of sound as 
1118). 

39. Bodies thrown up. — If a body be thrown vertically 
upwards, gravity causes a uniform acceleration opposite to 
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the direction of motion, the case discussed in § 23. Substi- 
tuting g for a in equations (11) and (12) we obtain — 

V ^ F-gt (18) 

s ^ Ft-- yt^ (19) 

Example. — ^A ball is thrown vertically upwards with velocity 
50. Find how high it will rise, and when and with what 
velocity it will return to the ground. 

We observe that as the ball rises the velocity v gradually 
diminiBhes, and that at the instant of the ball's reaching its 
highest point it has no velocity at aU, or 

t; = 0. 

At this instant 8 has reached its maximum value. After this 
instant the velocity is downwards or v is negative, and s gradu- 
ally decreases until the ball again reaches the ground, when 

« = 0. 

(1.) To fiud how high the ball will rise. At the highest point 
V = and therefore — 

By (18) V- ff^ = 

V = gt, 

7 60 . , 

^ = — = — — = 1*55, approzunately. 
g Air A 

By (19) « = F< - \gt^ 

= 50 X 1-55 - i X 32-2 X (l-56)« 

= 38*7 feet, approximately. 

(2.) To find when the ball will return to the ground. 
At this instant — 

« = 0. 

And .-. by (19) Vt - igt^ = 0. 

/. V - Igt = 0. 

.-. ' 7 = igt. 

2 7 100 
^ = — «= -— — = 3*1 seconds, approx. 
g o25*2 
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(8.) To find the velocitj with which 'the ball reaches the 

ground — 

By (18) v^Y " gt. 

2V 
But at this instant t = — 

9 

2F 
.-. » = r-^x— = F- 2F= - F. 

Or the ball returns to the ground in the same time that it took 
to rise to its highest position, and reaches the ground with the 
same velocitj as that with which it was thrown up. 

Example for Exercise.— With what velocity must a body be 
thrown vertically upwards that it may remain in the air for 4 
seconds, and how high will it be at the end of each second ? 

40. Parabolic path of a Projectile. — When a body is pro- 
jected in any direction other than vertical, its position at 
any moment is found by considering its velocity as resolved 
in two directions, vertical and horizontal. Its vertical 
velocity is altered by gravity in the manner described in 
the last two paragraphs, but its horizontal velocity remains 
constant, as the body is not acted on by any horizontal 
force. Combining these results, it may be proved geometri- 
cally that the body describes a parabola, the curve which is 
represented in the figure illustrating § 3. 

41. The Composition of Forces. — It follows from the 
second law of motion that, when any number of forces act 
simultaneously on a particle, each of them produces the 
same velocity that it would have produced if it had acted 
singly on the body at rest. The resultant motion is there- 
fore the resultant of these velocities. 

A force which, acting singly, would have produced this 
velocity in the particle is called the Resultant Force, and 
the several forces are called Components. 

Parallelogram of Forces. — If two forces acting simultaneously 
on a, particle be represented by adjacent sides of a parallelogi-am^ 
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the resultant force is represerUed by the diagonal passing through 
their intersection. 
Proof. — Let AB, AD represent two forces acting simul- 
taneously on a particle at A. Then 
since forces are measured by the 
momenta they produce in unit of 
time, AB and AD are proportional 
to the momenta, and therefore to 
the velocities, which these forces 
acting separately would produce in the particle at A. 

But by the parallelogram of velocities, AC is the result- 
ant velocity, and therefore AC represents the resultant 
force. 

In thfe same manner, by substituting force for velocity, all 
the propositions regarding the composition and resolution 
of velocities, proved in §§ 13, 14, 15, 16, 17, and 18, are 
proved to be equally true of forces. 

Examples.— 

1. Forces which are represented in magnitude and position by 
all But one of the sides of a polygon taken in order suet simul- 
taneously on a particle ; find their resultant. 

Since the sides of the polygon represent the forces, they also 
represent the velocities which the forces would produce acting 
separately. By § 14 the resultant of these velocities is the 
remaining side taken in the opposite direction. The resultant 
force is therefore also represented by that side. 

2. Forces 5 and 12 act on a particle at right angles, find their 
resultant. 

Let /be the resultant force. Then applying § 15 to forces we 
have — 

/« = 62 + 122 = 25 + 144 = 169, 
.-. /= 13. 

Examples for Exercise.— 

1. Prove that if three forces are represented by three sides 
of a triangle taken in order, they will produce equilibrium. 
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2. Find the resultant of forces 3^ and 4 at an angle of 60**. 

3. A vertical force is equal to 12. Find its component along 
a line which makes an angle of 30^ with the horizon. 

Ezamination on Sections 34— 4L 

1. Enunciate the second law of motion. 

2. Show that if different forces are applied for equal times to 
equal masses the velocities generated are proportional to the 
forces. 

3. How is mass measured ? 

4. Give the law of universal gravitation. What is the average 
force of gravity in the British Islands ? 

5. Find the equations of motion of a body falling from rest 
under the action of gravity. 

6. K a body is thrown up with velocity F, show that its 
velocity after t seconds ia V - fft, and that its distance from the 
ground at the same time is Vt - igt, 

7. What is meant by the resultant of any number of forces 1 

8. Assuming the parallelogram of velocities, prove the parallelo- 
gram of forces. 

42. The Third Law of Motion. — To every action there is 
always an equal and contrary reaction. 

When one body presses another, it is pressed by that 
other with an equal force in the opposite direction. A stone 
resting on a table causes pressure on the table in consequence 
of its weight, but the table exerts an equal and opposite 
pressure on the stone, and this pressure, acting on the 
stone, balances the force of gravity, and keeps the stone at 
rest. 

Again, when one body attracts another, it is attracted by 
that other with equal force in the opposite direction. Thus 
the moon exercises on the earth the same attraction that 
the earth exercises on the moon, but in the opposite direc- 
tion. 
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43. BecoiL — The third law of motion enables us to 
investigate the recoil of a gun when a projectile leaves it. 
Since action and reaction are equal and opposite, the 
momentum acquired by the gun ia the same as that acquired 
by the projectile, or, i£ M,mhe their masses, and F, v their 
velocities, 

MF^mv (21) 

Example. — ^A gun weighing 100 tons discharges a shot weigh- 
ing 1000 lbs. If the initial velocity of shot be 1250, find that of 
the recoil of the gun. 

„ , ^ „ mv 1000x1260 ^ -s 
From (20) F=^= ,^^^q^,,^ = 5AV 

Example for Exercise. — A bullet weighing 2 ounces is dis- 
charged from a rifle weighing 10 lbs., and the initial velocity of 
the recoil is observed to be 14, find the velocity with which the 
bullet leaves the rifle. 

44. Conservation of Energy. — In a scholium appended 
to the third law of motion, Newton gives another kind of 
actions and reactions subject to the third law. This 
scholium has been converted into the following form. 
Work done on any system of bodies has its equivalent in work 
done against frictionf molecular forces^ or gravity, if there be no 
acceleration ; btU if there be acceleration, part of the work is 
expended in overcoming the resistance to acceleration, and the 
additional kinetic energy developed is equivalent to the work so 
spent. (Thomson & Tait's Natural Philosophy, § 269). 

From this scholium the principle of Conservation of Energy 
follows. This principle asserts that the amount of energy 
in the universe is constant, that it may be transmitted from 
one body to another, or transformed from one species 
to another, but can neither be increased nor diminished in 
quantity. Besides energy of visible motion. Heat, Light, 
Sound, and Current Electricity are all recognised as forms 
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of Kinetic Energy. Gravity, Chemical Attraction, Electric, 
and Magnetic Attraction depend on Potential Energy. 

The behaviour of a common pendulum illustrates the 
principle of Conservation of Energy. When the pendulum 
is in the middle of its swing, it possesses a certain amount 
of kinetic energy. As it approaches its turning point its 
energy of motion gradually diminishes, and finally dis- 
appears; but the bob of the pendulum has been raised a small 
distance against the force of gravity, and has thus acquired 
a certain amount of potential energy, which is in its turn 
reconverted into kinetic energy. These quantities of 
potential and kinetic energy would be an exact equivalent 
for each other, and the pendulum would continue to swing 
through equal distances for ever, were it not that during 
each swing a certain amount of the energy is required to 
set the air in motion, and to overcome friction. Thus the 
energy of the pendulum is gradually transmitted to the air 
around, and in course of time is all transformed into that 
form of kinetic energy which we call heat. 

Examination on Sectiona 42—44. 

1. Give Newton's third law of motion.' 

2. Show how the third law of motion applies to a book resting 
on a table, and to a horse puUing a canal-boat. 

3. Give the scholium to Newton's third law. 

4. Explain what is meant by Conservation of Energy. 

6. Illustrate the principle of Conservation of Energy by means 
of (1), the swinging of a pendulum ; (2), a stone thrown on to 
the roof of a house. 

6. Name several forms of energy, an4 give instances of trans- 
formation of energy from one form to another. 

General Examples in Kinetics. 

1. Find the momentum of each of the following systems. 
(1). Masses of 4, 7, and 10 pounds moving in the same 
direction, with velocities 12, 10, and 6 respectively. 
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(2). A mass of 10 pounds, with velocity 6, and a mass of 12 
pounds moving in the opposite direction with velocity 5. 

2. A mass of 30 pounds has a velocity of 100 in a direction 
making an angle of 60° with the horizon. Find its horizontal 
momentum. 

3. How long must gravity act on a falling body to give it a 
velocity of 161 ? 

4. How much work is done against gravity by a man weighing 
12 stones in climbing a mountain 4000 feet high ? 

5. How much work is done by the same man in walking a 
mile along a level road ? 

6. In Attwood's machine the weight of one ounce is employed 
to move a mass of two pounds. Find the velocity of the mass 
after one second. 

7. How far will a stone fall from rest in 5 seconds, and what 
velocity will it have at the end of that time ? 

8. A riile ball is discharged horizontally from a position 1000 
feet above the level of the sea, what will be its height 4 seconds 
after the discharge ? 

9. How long will a body f^dling from rest take to acquire a 
velocity of 80 feet per second ? 

10. How far will a body fall from rest in 3^ seconds ? 

11. A stone dropped from the top of a cUff is observed to reach 
the bottom in 6^ seconds. Find the height ? 

12. A body, which has fallen from rest, reaches the ground with 
a velocity of 1127 feet ; find how long the body has been falling, 
and the distance it has travelled. 

13. A weight of 10 lbs., resting without friction on a horizontal 
table, has a constantly acting horizontal force of 2 lbs. applied to 
it, what will be the velocity after 1 second ? 

14. With what velocity must a ball be thrown up, in order to 
return to the hand after the lapse of 1 second ? 

15. A body is projected upwards with a velocity of 161 feet per 
second, how high will it rise ? 

16. A stone thrown vertically upwards strikes the ground after 
an interval of 10 seconds, with what velocity was it projected, 
and to what height did it rise 1 

17. A body is projected vertically upwards with a velocity of 
80 feet. Where will it be after 2, 4, 6 seconds respectively 1 
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18. A body is thrown upwards with a yelocity of 250. Find 
its velocity after 7 seconds. 

19. (1) An arrow is shot vertically upwards with a velocity of 

100 feet in a second. How long will it be before it 
reaches the ground again ? 
(2) Another arrow, half the mass of the former, is shot 
vertically upwards with the same momentum. How 
long will it be before it reaches the ground ? 

20. A projectile is discharged in a slanting direction upwards. 
If there had been no gravity it would have reached an altitude 
of 1000 feet above the earth^s surface at the end of one second. 
Find Its actual altitude at that moment ? 

21. Let AB and AC represent in magnitude and direction two 
equal forces acting at A, the angle between their directions being 
50^. Draw a line which shall represent in direction and magni- 
tude a force in equilibrium with these forces ; and state the angle 
which its direction makes with AB. 

22. Find the resultant of the following forces : — ^5 northwards, 
6 eastwards, 1 westwards, and 2 southwards. 

23. Two forces, in magnitude 3 and 4, act at the same point 
in directions at right angles to each other. Draw their resultant 
and find its magnitude. 

24. If a particle be urged towards the east with a force of 10 
lbs., and towards the north with an equal force, what is the 
joint effect of the force, and in what direction will the particle be 
urged? 

25. A body is pushed simultaneously by a force of 3 lbs. acting 
from east to west, a force of 4 lbs. acting from north to south, 
and a force of 12 lbs. acting vertically downwards. What is the 
resultant force that acts upon the body ? 

26. A gun weighing 8 lbs. avoirdupois discharges a one-ounce 
ball with the velocity of 1000 feet per second. What will be the 
velocity of recoil of the gun ] 

27. A shot weighing 30 lbs. is fired from a gun weighing 3 
tons, and leaves the gun with a velocity of 1120 feet per second. 
Find the velocity of the gun's recoil. 

28. A shell bursts into two fragments, whose weights are 12 
and 20 pounds. The first travels onwards with a velocity of 700 
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and the latter with a velocity of 380. What was the momentum 
of the shell when the explosion took place? 

29. A shell weighing 20 lbs. explodes when moving with a 
velocity of 600 ; at the moment of explosion one-third of the 
shell is reduced to rest. Find the momentum of the other two- 
thirds. 

30. A shell in motion, with a velocity of 80 feet per second, 
bursts into two equal (pieces. If one of them continue its path 
with a velocity of 120 feet, what will be the motion of the other? 

31. A force of 97 lbs. is resolved into two component forces at 
right angles. If one component is 65 lbs., find the other. 

32. Find the magnitude of the resultant of two forces of 13 
and 35 lbs. when the angle between their directions is 60®. 

33. Find the velocity which a heavy body wiU acquire by 
falling freely through a height of 3^^ ^^^• 

34 Two forces act at right angles, find their resultant when 
their values are — 

(1) 48 and 55. 

(2) a and b, 

(3) a* - b* and 2ab, 

35. A body is projected with a velocity of 10 feet per second 
and is brought to rest by a imiform force after passing over 10 
feet in a straight line. Find the magnitude of the force. 

36. Two forces act on a particle. When their direction is such 
that their resultant is greatest, their resultant is 12 ; when their 
resultant is least, it is 6. Find the forces. 

37. B is the resultant of two forces P and Q. If B be at right 
angles to P and equal to half Q, find the angle at which P and Q 
act. 

38. The resultant of two forces is represented by the diameter 
of a circle. If one force be represented by a chord through one 
extremity of the diameter, prove that the other force will be re- 
presented by the chord drawn through the same extremity at 
right angles to the first chord. 
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CHAPTER IV. 
STATICS. 

45. Eanililniiim of a Partide. 

Two Porces. Two equal and opposite forces, acting on a 
partide, are in equilibrium. 

By the second law of motion (see § 41), the two forces 
give the particle two equal and opposite velocities, and 
therefore its velocity is unchanged (§11 Cor.). 

Three Porces. Three forces, acting on a particle, which 
are represented by the three sides of a triangle taken in order ^ 
arte in equUibrium, 

By the second law of motion the three forces give the 
particle three velocities, which are represented by the sides 
of the same triangle taken in order, and therefore its velocity 
is unchanged (§ 13). 

This proposition has two important converse propositions, 
which we proceed to prove; — 

(i.) If three forces, acting on a particle, are in equilibrium, 
they may be represented by three sides of a triangle taken 
in order. 

For, if lines representing two of the forces be placed so 
as to form two sides of a triangle taken in order, and the 
triangle be completed, the third side of the triangle must, 
by the preceding proposition, represent a force in equili- 
brium with the first two. It must therefore represent the 
third force. 

(ii.) If three forces, acting on a particle, are in equilibrium, 
and if their directions are those of the sides of a triangle taken 
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EQUILIBRIUM OF A PARTICLE. § 45 

in order, then, if one of the sides of tlu triangle he token to 
represent the force to which it is parallel, the other sides will, 
on the same scale, represent the other forces. 

Let the forces P, Q and B be in equilibrium, and let the 
sides of the triangle ABC be parallel to their directions. 
Then if AB be taken to represent P, BC will represent Q, 
and CA will represent E, on the same scale. 

For, if BC does not represent Q, let BD represent it. 

R 





Q 



Join AD. Because ABD is a triangle, the force repre- 
siented by DA will be in equilibrium with those represented 
by AB and BD. Therefore DA will represent E. But 
this is impossible, since CA is parallel to the direction 
of R. 

Therefore BC represents Q. 

Similarly CA represents E. 

Any number of Forces. If any number of forces, acting 
on a particle, be rep'esented in magnitude and direction by the 
sides of a polygon taken in order, then by the polygon of 
velocities (§ 14) the velocity of the particle is unchanged, 
and therefore the forces are in equilibrium. 

Ezamplea.— 

1. Forces of 6, 8, and 10 acting on a particle are in equili- 
brium, prove that the directions of the first two form a right 
angle. 

Since the three forces are in equilibrium, a triangle can be 
formed whose sides represent the forces in magnitude and direc- 
tion. The sides of this triangle will therefore be 6, 8, and 10. 
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§ 45 RTATICS. 

But 10« - 100 - 64 + 36 « 8« + 6«. 
/. The triangle is right angled (Euclid I., 48). 
.*. The forces 6 and 8 act at right angles. 
2. Three forces, acting on a particle, are in equilibrium, prove 
that they lie in one plane. 

As before, a triangle can be formed whose sides represent 
the forces in magnitude and direction. 

.*. The three forces all lie in the plane of the triangle. 

* 3. A weight of 8 lbs. hangs by a chain 20 feet long, and is pulled out 

j^ by a horizontal force to a distance of 12 feet from the 
yi vertical through the point of support. Find the ten- 
/ : sion of the chain. 
/ Let Afi be the chain. Draw AC yertioally down- 

wards, and from B draw BC at right angles to AC. 
Then AB = 20, BC = 12, and ABC is a right angled 
triangle. 

.-. AC« = AB« - BC« = 256. 
.-. AC = 16. 

The weight at B may be considered as a particle. It 
is kept in equilibrium by three forces. These forces are the tension of the 
string acting in the direction BA, the weight, which acts yertically down- 
wards, and the horizontal force. These three forces are in the direction 
of the sides of the triangle BAC taken in order. If we take AC to repre- 
sent the weight, CB will represent the horizontal force, and BA the 
tension of the string. 

Thus a line of 16 feet represents a force of 8 lbs. 
„ 2 feet „ „ 1 lb. 

„ 20 feet „ „ 10 lbs. 

But AB, which represents the tension of the chain, is 20 feet, and there- 
fore the tension is 10 lbs. (That is, it is the same as if the chain hung 
yertically downwards, and supported a weight of 10 lbs.) 

Examples for Ezerdse.— 

1. Three equal forces are in equilibrium, find the angles be- 
tween them. 

2. A weight of 100 lbs. is suspended by two strings, each of 

* In this and the following chapters some demonstrations occur which 
may possibly present difficulty to those students who are less familiar with 
mathematical proofs. Should this be the case, the student is advised to 
omit these in his first reading of the book. They have, on this account, 
been printed in a smaller type. 
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EXPERIMENTAL VERIFICATION. § 46 

which makes an angle of 30° with the horizon. Find the tension 
of each string. 

3. Show that, if three forces acting at a point are in equili- 
brium, any two of these forces are together greater than the 
third. 

46. Ezperimental verification of the Parallelogram and 
Triangle of Forces, — ^The laws which regulate the equili- 
brium of three forces may be verified in Uie following way. 
Three weights, P, Q and R> are at- 
tached by three strings knotted toge- 
ther at 0. Two of the strings, OP 
and OQ, are placed over two pulleys 
M and N, and the third string, OB, 
is allowed to hang vertically down- 
wards. If the weights are such that 
equilibrium is possible,* the system 
will come to rest in some such posi- 
tion as that shown in the figure. 

The effect of the pulleys at M and N is simply to change 
the direction of the strings without altering their tensions 
(§ 66). We have therefore the forces P and Q acting at O 
in the direction OM and ON, and these are in equilibrium 
with the force R in the direction OR. 

Mark off, on OM and ON, lengths OA and OB, to re- 
present the forces P and Q. Complete the parallelogram 
OACB. Then OC is the resultant of OA and OB. It 
will be found that OC is vertical, and that its length re- 
presents the weight R on the same scale as that on which 
OA and OB represent P and Q. Thus the parallelogram 
of forces is experimentally verified. 

We also observe that, in the triangle OAC, OA, AC, 
and CO represent in magnitude and direction the three 

* See last Example for Exerdae above. 
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§ 47, 48 STATICS. 

forces P, Q and B, and thus the triangle of forces is also 
experimentally verified. 

47. A Bigid Body. A Rigid Body is a collection of material 
particles so united that their relative positions do not change. 

'No body is perfectly rigid, but all solids are approxi- 
mately rigid, when the forces which act on them are not 
too great. 

• 

48. Equilibrinm of a Bigid Body. 

Two Forces. — Two equal forces^ acting on a rigid body at 
rest in opposite directions along the same straiglU line, maintain 
equilibrium. 

Let P act at A and Q at 6 in opposite directions along 





Figure 1. Figure 2. 

the straight line AB. The force P tends to move the par- 
ticle at A, and to move with it the whole mass of the body. 
The force Q tends to move the particle at B in the opposite 
direction, and along with it the whole mass of the body. 
But owing to the rigid connection of A and B these two 
forces neutralise each other, and equilibrium is maintained. 

This fact may be verified by experiment. 

If P act at A in the direction AB, then it is neutralised 
by the equal and opposite force Q, at whatever point in the 
line AB, Q is supposed to act Hence, if at B two equal 
and opposite forces, each equal to P and in the direction of 
the line AB be applied, one of these forces neutralises P, 
and the other acting at B is equivalent to P at A. This is 
often called the principle of the transmission of force. 

54 



RESULTANT OF TWO PARALLEL FORCES. 



§49 




Since the two forces P and Q are in equilibrium, if any 
number of forces act on a body, we may suppose such a pair 
of forces as P and Q to act along with them, and the result 
will be unaltered. 

Forces whose Lines meet. — Jf the lines of action of two 
or more forces meet in a point, we may 
suppose the forces to act at that point, 
and the conditions of equilibrium are 
the same as those already investigated 
for a particle. 

When the directions of the forces do 
not all pass through a point, the problem is more compli- 
cated, and the only case of this kind, which will be con- 
sidered in this treatise, is that of parallel forces. 

49. Besnltant of Two Parallel Forces. — Let P and Q 

be two parallel 
forces acting on a 
body, and let A 
and B be two 
points in their 
lines of action. 
Join AB. At A 
and B apply two 
equal and opposite 
forces S and T, 
acting in opposite directions along AB. Then by § 48 
the effect of P and Q will be unaltered. Thus the four 
forces P, Q, S, and T are equivalent to the two forces P 
and Q. Let P' be the resultant of S and P, and let Q' be 
the resultant of Q and T, and let the directions of F and 
Q' meet in 0; P', and Q'may be considered as acting at 0. 
From draw OC parallel to the direction of P and Q, 
and meeting AB in C. 
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Matmtitate for P' at the equivalent forces P and S, and 

for Q' the equivalent 

forces Q and T. 

Then S and T, be- 
ing equal and opposite^ 
may be removed, and 
there remain P and Q 
acting in the direction 
OC. 

Gall this resultant 
U, then — 

R«P + Q . . . . (22) 
and acts at C, parallel to the direction of P and Q. 
To find the position of 0. 

The three forces P, P', and S are parallel to the sides of 
the triangle OAC. If, for a moment, we consider OC to 
represent P, AC will, on the same scale, represent S. 

. 0€^ P 
AC " 8 

Multiplying both sides of this equation by SxAC, we 
obtain — 

SxOC = PxAC (a) 

Also the three forces Q', Q, and T are parallel to the 
sides of the triangle OCB. If, therefore, OC represent Q, 
BC will represent T. 

. OC Q 



CB T 
Multiplying both sides by T x BC we obtain— 

TxOC = QxBC (b) 

Combining the equations (a) and (b), and remembering 
that S-T, and therefore S x OC=:T x OC, we obtain the 
equation — 

PxAC = QxBC (23) 
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RESULTANT OF TWO PARALLEL FORCES. § 49 

If we divide both sides of this equation by Q x AC, it 
takes the form — 

^ = ^ (24) 

Q AC ^ ^ 

We see from this equation that the forces P and Q are in- 
versely proportional to their distances from C. 

Examples.— 

1. Parallel forces 5 and 3 act at two points 8 inches apart. 
Find their resultant and its point of application. 

Let P and Q be the forces, A and B their points of application. 

.-. By (22) R=P + Q=8. 
By (23) P X AC=Q x BC. 

Let AC = X inches, then BC=8 - a: inches ; substitating these 
values for P and Q, equation (23) becomes — 

6a?=3 (8-^), 
Or 54?=24-34r. 
.'. 8^=24. 

Thus the resultant force is 8, and acts at a point C, 3 inches 
from A along AB. 

2. P and Q are equal parallel forces, find their resultant and 
its point of application. 

By (22) R=P + Q=2 P. 
By (23) P X AC=Q X BC. 
But P=Q. .-. AC=BC=i AB. 

Examples for Exercise.— 

1. Weights of 5 and 7 lbs. are hung at the extremities of a 
rod 2 feet long. Find their resultant and its point of application. 

2. Forces of 3 and 9 lbs.* act in parallel directions at two points 
20 inches apart Find their resultant and its point of application. 

3. Three forces in one plane are in equilibrium. Show that 
they must either be parallel forces, or forces whose directions 
meet in a point. 

* By a force of 3 lbs. ia meant a force equal to the weight of 3 lbs. 
(See § 26.) 
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50. EQnilibrinm of Three Parallel Forces. — Since in the 

figure of § 49, B, acting at C, is the 

resultant of the parallel forces F and 

]) Q, if we apply at C a force equal and 

"7 opposite to R, it will be in equili- 

Q brium with P and Q. 

Thus the three forces, P, Q, and R 
in the adjoining figure are in equilibrium. 

Since any one of these three forces is equal and opposite 
to the resultant of the other two, we may apply the equa- 
tions of § 49 to find the resultant of parallel forces acting 
in opposite directions. The following examples will serve 
to explain how this is done. 

Examples— 

1. P and B are parallel forces of 3 and 4 lbs. acting in opposite 
directions at two points, A and C, 3 inches apart Find a third 
force which will produce equilibrium. 

Let Q be the third force, and B its point of application. 
Then by (22) B=P + Q. 

.-. Q=B-P=4-3=1. 
Also by (23) P x AC=Q x BC. 

Let BC B ^, and substituting their values for P, Q and AC, 

this equation becomes — 

3 X 3=1 X X, 

Or or = 9. 

Thus Q is a force of 1 lb, acting parallel to P at a point B, 9 
inches from C, in AC produced. 

The resultant of P and B is therefore a force of 1 lb. acting at 
B in the direction of the greater force B. 

2. Find the resultant of two opposite parallel forces 7 and 4, 
acting at two points 6 inches apart. 

As before, let P=4, B=7, AC=6, BC=^. 
Then by (22) Q=B-P=3. 
And by (23) P x AC=Q x BC. 
Qt 4 X 6=3a?. .*. 4r=8. 
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THREE PARALLEL FORCES. § 50 

The resultant is therefore a force 3, acting in the direction of 
the greater force It at a point 8 inches from C in AC produced. 

Examples for Exercise.— 

1. Two parallel forces, 7 and 10, act in opposite directions at 
points 6 inches apart Find a third force which will maintain 
equilibrium. 

2. Parallel forces, 5 and 2, act in opposite directions at a dis- 
tance of 1 foot. Find their resultant. 



dnation on Sections 45—50. 

1. What is the condition that two forces, acting on a particle 
are in equilibrium ? 

2. Prove that three forces, which are represented in magnitude 
and direction by the three sides of a triangle taken in order, are 
in equnibrium. 

3. Prove that if the sides of a triangle, taken in order, are 
parallel to the directions of three forces in equilibrium, they may 
be taken to represent these forces in magnitude and direction. 

4. Enunciate the condition that any number of forces acting on 
a particle are in equilibrium. 

5. Describe an experiment by means of which the parallelogram 
of forces may be verified. 

6. Define a rigid body. 

7. What is the condition that two forces, acting on a rigid 
body, are in equilibrium? Deduce the principle of the trans- 
mission of force. 

8. Any two parallel forces P and Q act on a body. Find the 
direction and magnitude of their resultant. 

9. Prove that the resultant of two parallel forces acts at a 
point dividing the distance between their points of application 
inversely as the forces. 

10. Three parallel forces, P, Q, and It, acting on a rigid body, 
at points A, B, C, are in equilibrium, prove that if B be the 
greatest force — 

(1) K=P + Q. 

(2) B acts in a direction opposite to that of P and Q. 

(3) PxAC=QxBC. 
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51. Besnltant of more than Two Parallel Forces. — ^Let 

P, Q, and E be three parallel 
forces actixig on a rigid body at 
the points A, B, and C. 

The resultant of P at A, and Q 
at B has been shown to be equal 
to P + Q, and to act at a point D 
in AB, taken so as to satisfy 
equation (23), which here takes the form — 

PxAD = QxBD. 
Similarly the resultant of P + Q at D and R at C is equal 
to P + Q + E acting at a point E in CD, taken so as to 
satisfy the equation — 

(P + Q)xDE = ExCK 

Thus the resultant of P, Q, and E is a force P + Q + E 
acting at E. 

In the same way, we may prove that the resultant of any 
number of parallel forces is equal to the sum of the forces, 
and acts at a point which may be found by the above 
method. The position of the point depends on the magni- 
tude of the forces, but is independent of the direction in 
which the forces act. 

This point is called the Centre of the Parallel Forces, 

52. Centre of Inertia. — If a set of parallel forces act on, all 
the particles of a body, and if each force he proportiorud to the 
mass of the particle on which it acts, then the centre of these 
parallel forces is called the Centre of Mass or the Centre of 
Inertia of the body. 

The attraction of a distant star for the earth or for any 
terrestial object forms a set of forces, which very approxi- 
mately fulfils the condition of the above definition. 

The earth's attraction for any object also forms such a set 
of forces, provided that the object be sufficiently small (or 
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CENTRE OP GRAVITY. § 63 

sufficiently remote) to allow us to consider the direction of 
these forces as parallel; with this proviso, the centre of 
inertia may be properly called the Centre of Gravity. 

Deflnition of Centre of Gravity. — The earth^s attraction for 
any small (or rerru>te) body may he considered to consist of 'parol- 
Id forces acting on the various jparlicUs of the body and propor- 
tumal to their masses. The centime of these parallel forces is 
called the Centre of Gravity of the body. 

53. Centres of Gravity found geometrically. — (1.) To 
find the ecfUre of gravity of a uni- ^ f 9 ^ y 

form material straight line. — Let 

AB be a straight line or thin rod, composed of uniformly 
heavy matter. Bisect AB in C. Suppose AB to be 
divided into any number of small equal portions, and let P 
and Q be two of these portions, and let GP = CQ. Then the 
weights of the portions P and Q are two equal parallel 
forces, and therefore (§ 49, Ex. 2) their resultant acts at C. 

In the same way we may take the other portions in pairs 
equally distant from C, and the resultant of the weights of 
each pair acts at C. 

Therefore the resultant of the weights of all the portions 
acts at G,and C is the centre of gravity of the straight line AB. 

(2.) To find the centre of gravity of a parallelogram. — ^Let 
ABCD be a parallelogram composed 
of uniformly heavy matter. Bisect y/ ^ / 

AB in E and draw EF parallel to AD. ft?- .^.r.™^** 

Suppose the whole parallelogram ^ ^ 5 

divided into thin strips by lines 

drawn parallel to AB, and let PEQ be one of those strips. 

Then, since AERP and EBQB are parallelograms, PR = AE 

andKQ»EB. 

.-. PR = RQ. 
.*. R is the centre of gravity of PQ. 
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Simflarly EF contains the centre of gravity of each strip, 
and therefore it must contain the centre of gravity of the 
whole parallelogram. 

Bisect AD in G and draw 6H parallel to AB, meeting 
EF in 0. 

Then, as before, by drawing lines parallel 

J^^ ^ _ / to AD, we may divide the parallelogram into 

J— 2- f^ thin strips; and the centre of gravity of 

each strip, and therefore that of the whole 
parallelogram, lies in GH. 

/. The centre of gravity of the parallelogram is the point 
0, in which EF and GH intersect. 

(3.) Tofird the centre of gravity of a triangle,— Ls^, ABC be 

a triangle, bisect BC in D, and 
join AD, and suppose the triangle 
into thin strips by lines drawn 
parallel to BC. Let PEQ be one 
of these strips : 

D^ •.• BD=DC, 

.-. A BAD = A CAD (Euclid i. 38). 
Similarly A BPD = A DQC, 

.'. the remaining A APD = A AQD, 
And PE = RQ. 

For if not, let PR > RQ, 

Then A PAR > A RAQ,» 
And A PDR > A RDQ, 
.-. hy addition A APD > A AQD. 
But the A APD has boon shown to be equal to A AQD, 

/. PR is not > RQ. 
Similarly PR is not < RQ. 

And therefore PR = RQ. 

.*. B is the centre of gravity of PQ. 

* By Euclid i 35, any parallelogram is equal to the rectangle on the 
same base and between the same parallels, and therefore its area = base 
X altitude. Therefore by Euclid i. 41, any triangle = \ base X altitude. 
If, therefore, two triangles have equal altitudes, but unequal bases, the 
greater triangle is that which has the greater base. 
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In the same way it may be shown that AD contains the 
centre of gravity of each of the parallel strips, therefore AD 
must contain the centre of gravity of the whole triangle. 
Bisect AC in K Join BE, meeting AD in 0. By dividing 
the triangle into strips parallel to AG, we may prove 
exactly as above, that BE contains the centre of gravity of 
the triangle. Therefore the point 0, in which AD and BE 
intersect, is the centre of gravity. 

The point Lb a point of trisection of eacli of tlie lines joining an 
angular point with tiie middle point of the opposite side. 

Join OC. 
V AE = EC, ^ 

A BAE = A fiCE. 
Also A AOE = A EOO. 
.'. the remaining A AOB = A BOC. 
Again, V BD = DC. 

A BOD = A DOC. 
.-. BOC = 2 A BOD, 
.'. A AOB = 2 A BOD, B 

and these triangles are between the same parallels. 

.'. The base AO must be equal to twice OD*, or OD is the third part 
of AD. 

Similarly it may be shown that is a point of trisection of the lines 
joining B and C with the middle points of the opposite sides. 

(4.) To find the centre of gravity of a circle. — ^A circle may be 
divided into pairs of equal particles, so that each pair con- 
sists of two particles on opposite sides of the centre and 
equally distant from it. Thus, the centre of the circle is 
the centre of gravity of each pair of particles, and there- 
fore of the whole circle. In the same manner the centre of 
a sphere may be shown to be its centre of gravity. 

(5.) To find the centre of gravity of a system of bodies whose 
separate masses and centres of gravity are knoum, — Suppose the 

* As before, this follows from the fact that any triangle = } base X alti- 
tude. If, therefore, one triangle be double another triangle, and have the 
same altitude, the base of the first triangle must be double the base of the 
second. 
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weight of each body to act at its own centre of gravity, and 
find the centre of the set of parallel forces thus formed. 

Example.— Three equal weights are placed at the angular 
points of a triangle, find the centre of gravity of the system. 

Let the weight of each mass be W, and let them be placed at 
the points A, B, and C, in the last figure. The weights at B and 
C are equivalent to that of a weight 2W at D, the middle point 
ofB. 

We have thus to find the resultant of W at A and 2W at D. 
We must, therefore, divide AD at O, so that by equation (23)— 

WxAO = 2WxOD. 
OrAO = 20D. 

The centre of gravity of the three weights is therefore the 
same point as the centre of gravity of the triangle formed by 
joinmg the points at which the weights are placed. 

Example for Exercise—Weights of i, 3, 9, and 3 lbs. are 

placed at the angles of a square taken in order round the figure, 
find the centre of gravity of the system. 

54. Experimental Method of finding the Centre of 
Qravity of a Body. — The centre of gravity of a small body 

may be found experimentally in 
the following manner. Tie a 
.^ string to any part of the body 
and suspend the body by the 
string. The only forces which 
act on the body are the tension 
of the string, acting vertically upwards at the point of sus- 
pension, and the weight of the body acting vertically down- 
wards at its centre of gravity. These forces must be equal 
and opposite, and therefore the centre of gravity must be in 
the vertical line through the point of suspension. 

Now let the body be hung up by any other part. As be- 
fore, the vertical line through the point of suspension will 
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EQUILIBRIUM OF A BODY RESTING ON A SURFACE. § 55 

pass through the centre of gravity. The point where the 
two lines intersect is therefore the centre of gravity. 

In many bodies, as for example a flat plate, the centre of 
gravity may be readily found by the method described 
above. 

Examination on Sections 51—54. 

1. Show how to And the resultant of three parallel forces act- 
ing in the same direction. 

2. Prove that the resultant of a number of parallel forces is 
equal to the sum of the forces and acts at a point whose position 
is independent of the direction of the forces. 

3. Explain what is meant by the Centre of Parallel Forces. 

4. Define the Centre of Inertia. 
6. Define the Centre of Gravity. 

6. Find the centre of gravity of a uniform material straight 
line. 

7. Show how to find the centre of gravity of a paral- 
lelogram. 

8. Show that the centre of gravity of a triangle lies in the 
line joining any angular point to the middle point of the opposite 
side. 

9. Find the centre of gravity of a uniform flat circular disc. 

10. Show how to find the centre of mass of a system of bodies 
whose separate masses and centres of mass are known. 

11. Explain a method for finding the centre of gravity of a 
small body experimentally. 

55. Egiiilibrium of a Body resting on a Surface. — If 
a body be placed on a surface, the weight of the body 
causes a pressure on the surface. To this action there 
is, by the third law of motion, an equal and contrary 
reaction. 

If the body rest on more points than one, there will be a 
pressure and therefore a reaction at each point on which it 
rests. 

If the resultant of all the reactions be equal and oppo- 
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site to the weight of the body, the body will be in 
equilibriian. 

As an example, take the case of a three-le^ed table, 

resting on three legs at the points 
A, B and G. The resultant of the 
reactions at A, B and C acts up- 
wards through the centre of gravity 
G, and is equal to the weight of the 
body. If, however, a heavy weight 
be placed on some point, P, outside 
the triangle formed by the three 
legs, so that the centre of gravity of 
the loaded table is removed to some point beyond the 
triangle, it is clear that the resultant of the reactions at A, 
B and C can no longer act vertically through the centre of 
gravity, and the table will consequently fall over. 

Thus a body placed on a surface is in equilibrium when the 
vertical line through its cerUre of gravity jpasses through the area 
formed by joining its jmnts of support. 

Example* — ^A caxt loaded with hay is driven along a rough 

road. Show that it is more likely to upset 
than an unloaded cart. 

Let G be the centre of gravity of the 
loaded, H that of the imloaded cart ; then 
if, as in the figure, one wheel is considerably 
higher than the other, the vertical line 
through G falls outside the base, and equi- 
^ '*' librium is impossible for the loaded cart. 

Under the same circumstances the vertical line through H may, 
as in the figure, fall within the base, and the unloaded cart may 
therefore remain in equilibrium. 

Example for Exercise.— Sketch a leaning tower and show, 
by reference to its centre of gravity, that it will fall when made 

to exceed a certain height. 
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56. Stable, Unstable, and Neutral Eanilibrium. 

(1.) Stable Equilibriam. A body is said to he in stable 
equilibrium when, after receiving a small displacement, it tends 
to return to its former position. As examples of bodies in 
stable equilibrium we may mention a weight suspended by 
a string, and a loaded sphere placed on a flat surface with 
the loaded part lowest. When either of these bodies re- 
ceives a small displacement, the centre of gravity is raised, 
and therefore gravity tends to bring the body back to its 
former position. 

(2.) Unstable Equilibrinm. A body is in unstable equili- 
brium when, after receiving a small displacement, it tends to 
fall away from its former position. As examples of unstable, 
equilibrium we may mention a rod balanced on one end, or a 
loaded sphere with the loaded part upwards. When either 
of these bodies receives a small displacement, the centre of 
gravity is lowered, and therefore gravity tends to draw 
the body away from its first position. 

(3.) Neutral Equilibrium. — A body is in neutral equilibrium 
when, after receiving a small displacement, it remains in the 
new position. A sphere on a flat surface is an example of 
neutral equilibrium. In this case the centre of gravity is 
neither raised nor lowered by a small displacement. 

57. The Moment of a Force about a Point.— 7^6 Moment 
of a force about a point is the product of the force and the per- 
pendicular on Us line of action from the point. 

Let P be a force 2 acting along ^ 

the line BC, and from A let AD be 
drawn perpendicular to BC, then, if 
AD = 3 feet, the moment of P about 
A is P X AD = 2 X 3 = 6. *' 

The moment of P about A represents the power which 
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P has to tiim a body about the point A, if we suppose that 

point in the body fixed. 

It is important to notice that, in the case of parallel 

forces, the moments of the component forces about any 

point in the line of the resultant are equal, and tend to 

turn the body in opposite directions. 

g Let P and Q be the two forces, and 
T let the line AB be drawn perpendicular 
Q to their direction. Then, if C be a 
^ point in the resultant, by (23) — 

PxAC = QxBC, 

or the moments of P and Q about C are equal, and it is 
evident that they tend to turn the body in opposite direc- 
tions about C. 

Examples.— 

1. ABCD is a rectangle. Forces represented by AB and AD 

-^ act at A, prove that their moments about C 

are equal. 

Since ABC is a right angle, the moment 
of AB about C is AB X BC. It is therefore 
represented by the area of the rectangle. 
Similarly, the moment of AD about C is 
AD X CD, and is also represented by the 
rectangle. Therefore they are equal. 

2. ACB is a straight line, AB = 10 in., and AC = 4 in. If a 
force of 10 lbs. act at C in a direction perpendicular to ABC, 
what force must act at B in order that their moments may be 
equal? 

Let P and Q be the forces, then — 

P X AB = Q X AC 
Substituting their values for AB, AC and Q, this equation 
becomes — 

4P = 10 X 10 = 100. 

.-. P = — — = 25. 




GENERAL EXAMPLES. § 57 

Examples for Exercise.-— 

1. ABCD is a straight line 10 feet long, and is divided into 
three equal parts at B and C. Forces of 1, 2, 3 and 4 lbs. act at 
A, B, C and D perpendicularly to AD. Find their moments 
about B. 

2. Prove that, if two forces act at a point in a body, their 
moments about any point in their resultant are equal, and tend 
to turn the body in opposite directions. 

Examination on Sections 55—57. 

1. What is the condition of equilibrium of a body resting on a 
surface ? 

2. "What are the three kinds of equilibrium ? 

3. Define the three kinds of equilibriimi, giving examples of 
each. 

4. Define the moment of a force about a point. 

5. Prove that the moments of two parallel forces about any 
point in the line of their resultant are equal. 

General Examples in Statics. 

1. Three forces, P, Q, and R, acting at a point, are in equili- 
brium, the angle between P and Q being a right angle — 

(1) Given P = 15 and Q = 8 ; find R. 

(2) Given P = 15 and R = 17 ; find Q. 

(3) Given the angle between Q and R = 150® and P = 5 ; 

findR. 

(4) Given the angle between Q and R = 135® and P = 7 ; 

find Q. 

2. Three forces P, Q, and R, acting at a point, are in equili- 
brium. If P > Q, and Q > R, prove that the angle between 
P and Q is the greatest, and that the angle between Q and R is 
the least. 

3. Two equal forces in the same plane act at an angle of 120^, 
find a third which will maintain equilibrium. 

4. Weights of 4 and 6 lbs. are hung at either extremity of a 
light rod 15 inches long. Find at what point the rod should be 
supported. 

5. P and Q are two parallel forces acting in similar directions 
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at two points A and B. Their resultant B acts at C. Find B and 
AC in the following cases : — 

(1) P = 7 lbs., Q = 2 lbs., AB = 3feet 

(2) P = 6 lbs., Q = 6 lbs., AB = 1 foot 10 inches. 

(3) P = 16 lbs., Q = 5 lbs., AB = 8 inches. 

6. P and Q are two parallel forces acting in dissimilar direc- 
tions at two points A and B. Their resultant B acts at C. Find 
B and AC in the following cases : — 

(1) P = 7 lbs., Q = 12 lbs., AB = 10 inches. 

(2) P = 4 lbs., Q = 6 lbs., AB = 1 foot 

(3) P = 16 lbs., Q = 6 lbs., AB = 6 inches. 

7. Two men, A and B, carry a weight of 200 lbs. on a pole be- 
tween them. If the men be 6 feet apart, and the weight be 
2 feet from A, what part of the weight will be borne by each ? 

8. A well-balanced dog-cart, loaded with 9 cwt., is found on a 
level road to exert a pressure of 7 lbs. on the horse's back. If the 
horizontal distance between the pad and the axle be 6 feet, find 
how far before the axle the centre of gravity of the loaded dog- 
cart is. 

9. Three uniform rods form three sides of a square, find the 
centre of gravity 6f the whole. 

10. A uniform rod, 2 feet long, and weighing 6 lbs., has a 
weight of 1 lb. placed at one extremity. Find the centre of 
gravity of the whole. 

11. ABC is a straight line, AB ^ 6 inches, BC = 3 inches. 
Weights of 3, 2, and 1 lbs. are laid at A, B, and C respectively. 
Find the centre of gratity of the system. 

12. ABC is a straight line, AB — 7 inches and BC = 9 inches. 
Weights of 3, 4, and 5 lbs. are placed at A, B, and C. Find the 
centre of gravity of the system. 

13. Find the position of the centre of gravity of a hat, the 
crown and rim of which are of equal mass and both flat. 

14. Prove that the centre of gravity of a parallelogram is the 
point of bisection of its diagonals. 

16. Prove that if the outline of a parallelogram be formed of 
wire, its centre of gravity is the same as that of the whole figure 
cut out of paper. 
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16. Show that the three lines which join the angular points of a 
triangle to the middle points of the opposite sides, meet in a point. 

17. Find by a geometrical construction the centre of gravity of — 
(1) A quadrilateral ; (2) Any rectilineal figure. 

18. What is the condition of stability of a given distribution 
of load on a table ? 

19. ABC is an equilateral triangle, and AC is bisected in D. 
Prove that the moment about A of a force represented by BC is 
twice the moment of a force represented by BD. 

20. ABCD is a square. Prove that the moments about A of 
the forces represented by BC, CD, and BD are equal. 

21. Parallel forces P and Q, acting in similar directions at A 
and B, are balanced by a force B acting at C. 

(1) Prove that the moments of P and B about B are equal 

and opposite. 

(2) Prove that the sum of the moments of P and Q about 

any point in AB produced is equal and opposite to the 
moment of B about that point. 

22. Two forces act at a point. Prove that the algebraical sum 
of their moments about any point in their plane is equal to the 
moment of their resultant. 

23. Prove that the centre of gravity of a regular polygon is 
the centre of the inscribed circle. 

24. A wire is in the form of a circle on which are strung equal 
beads separated by equal intervals. Find the centre of gravity 
of the whole. 

25. Determine the character of the equilibrium in the fol- 
lowing cases. 

(1) A thin book lying on its side. 

(2) The same standing on its end. 

(3) The same balanced on a corner. 

(4) A body of any shape supported at its centre of gravity. 

(5) A hemisphere on a horizontal surface with the flat 

side turned down. 

(6) A hemisphere on a horizontal surface with the flat 

side turned up. 

(7) A thin circular disc standing on its edge. 
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58. Preliminary. — A machine is an instrument by means 
of which a force, acting in a given direction at a given 
point, is made to counterbalance or overcome a resistance, 
generally acting at a difterent point and in a different direc- 
tion. We have abeady considered cases, in which forces 
are transmitted by such simple machines as the leg of a 
table and a stretched cord. 

The machines which we proceed to consider in this chap- 
ter are (1) the lever and its modifications, namely, the 
balance, the steelyard, and the wheel and axle; (2) the 
pulley; (3) the inclined plane. The principles of statics 
show us under what conditions the applied force is in equili- 
brium with the resistance. Following the usual custom in 
elementary treatises on this subject, we call the applied 
force the Power, and the resistance the Weight, and desig- 
nate them by the letters P and W. 
A c ii 69. The Lever. — The lever 

is a rod moveable ahowt a fixed 
pointy which is called the ful- 
crum. There are three 
classes of levers, distin- 
guished in the following 
manner : AB represents a 
lever moveable about a ful- 
crum at C, the power P 
being applied at A, and the 
weight W at B. In levers 



P 
Pa 



Class I 



B 



Class II 



C 



B 



Class m 
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of the first class C is between A and B ; in those of the 
second class B is between A and C ; and in those of the 
third class A is between B and C. 

Examples.— 

Class L A poker used for raising coals. Here the bar is the 
fulcrum, the coals are the weight, and the power is applied by 
the hand. The common balance. 

Class II, A loaded wheel-barrow supported by the handles. 
The fulcrum in this case is the point where the wheel rests on 
the ground. A chipping knife, in which one end is fixed to the 
block by a hinge. 

Class IIL The human fore-arm 
supporting a weight. Here the elbow /C^& 

is the fulcrum, the power is applied IffiH^ 

close to the elbow by the biceps / 1| X 

muscle, while the weight is held in m\[ ^ 

the hand. The treadle of a turning P 

lathe. SSl5^ ; 

Other machines are formed of two ^SpB ^ 
similar levers connected by a joint, ▼'W^ 

which acts as the double fulcrum. 

Examples.— 

Class /. Scissors, Pincers. 
Class IL Nut Crackers. 
Cla^s IIL Sugar-tongs. 

60. Equilibrium of the Lever. — In every case the Power 
tends to turn the lever in one direction about the fulcrum, 
while the Weight tends to turn it in the opposite direction. 
For equilibrium, therefore, the moments of P and W about 
C must be equal. If we assume for simplicity that P and 
W each act at right angles to AB,* the moment of P is 

• If either or both forces are not at right angles to the lever, the mo- 
ments may be found by drawing perpendiculars from the fulcrum on their 
lines of action, and the condition, of equilibrium is the same, viz. : that 
the moments are equal. 

73 



§ 60 MACHINES. 

P X AC, and that of W is W x BC, therefore for equili- 
brium 

P X AC = W X BC. 

This equation will be seen to be identical with (23), as 
P and W are two parallel forces, the resultant of which 
must act through C. (Compare § 57.) 

If we divide both sides of this equation by W x AC, it 
takes the form 

W " AC ' 

which is identical with (24), and shows us that P bears to 
W the same proportion that BC bears to AC. 

Thus P is less than W when AC is greater than BC, P is 
equal to W when AC is equal to BC, and P is greater than 
W when AC is less than BC. 

When P is less than W, the arrangement is said to be 
one of medianical advantage. 

Examples.— 

1. Two bodies, weighing 20 lbs. and 4 lbs., balance at the ex- 
tremities of a lever 2 feet long. Find the position of the 
fulcrum. 

By (23) PxAC = WxBC 
Here P = 20 , W = 4. 
Let AC = a; inches, then BC = 24 - ^ inches. 
/. 20^7 = 4 (24 - ^) = 96 - 4^. 
/. 24^ = 96. 

^ = — = 4 mcnes. 
24 

2. In a lever of the second class, a weight of 3 lbs. is suspended 
at a point 2 inches from the fulcrum. At what distance must a 
force of 2 ounces act upwards to produce equilibrium ? 

By (24) P X AC = W X BC. 
In this case P = 2 oz., W = 48 oz., BC = 2 in. 
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.*. If AC s X inches, the equation becomes 

2^ = 48 X 2 = 96. 
•". a? = 48 inches or 4 feet. 

Examples for Exercise.— 

1. Weights of 3 lbs. and 9 lbs. balance each other at the ex- 
tremities of a lever AB. Find the position of the fulcrum C. 

2. A straight rod, 6 feet long, projects horizontally from a 
wall, to which it is attached by a horizontal hinge, and a weight 
of 10 lbs. is hung from its extremity. What pressure upwards 
must be exerted at 2 feet from the hinge in order to m ai n t>a in the 
rod in its horizontal position ] 

3. In a leyer of the third class, AB is 4 inches and the power 
is twice the weight. Find AC. 

61. The Balance. — The common balance is a lever of the 
first order, in which 
AC = BC, and therefore 
P = W. AB is called 
the beam. Its centre of 
gravity G is a short dis- 
tance vertically below C. 
The scales which are of 
equal weight, are hang 
from A and B. The 
substance to be weighed is placed in one scale and masses 
of known weight are placed in the other until the beam 
rests in a horizontal position. 

The qualities of a good balance are stability and sensl- 
hUity. 

A balance is stable if it tends after being disturbed to 
return quickly to its position of equilibrium. By lengthen- 
ing CG the stability of a balance is increased, as we thus 
increase the moments of the forces which tend to bring AB 
back to the horizontal position. 
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A balance is sensible, if AB deviates perceptibly from its 
horizontal position when P and W differ by a very small 
quantity. The sensibility of a balance is increased by 
lengthening AC and BC. 

62. False Bala.nces. — A balance gives false results when 
its arms are of unequal length. In this case there are two 
methods by which the true weight of a body may be 
determined. 

The first method consists in placing the body to be 
weighed in one scale, and filling the other with shot, or 
other substances, until the beam is horizontal The body 
to be weighed is then removed, and known weights are 
placed in its stead until the beam is again horizontal 

It is clear that the true weight is thus obtained, as the 
same force must have been exerted in each case in order to 
maintain equilibrium. 

The other method consists in weighing the body in each 
scale, and calculating its true weight from the results. 

Let W be the true weight of the body, P and Q its apparent 
weights in the two scales. Let a and b be the lengths of the 
arms. 

Then by (23) Wa = P6 

And Wb = Qa. 

Multiplying together the corresponding sides of these two equa- 
tions, we obtain 

W*a6 = PQ ah. 

.-. W^ = PQ. 

.-. W = v/Tq. 

The true weight is therefore found by multiplying together the 
apparent weights and extracting the square root of this product. 

Example.— 

A body weighs 10 lbs. in one scale and 12^^ lbs., in the other. 
Find its true weight. 
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Here W« = PQ = 10 x 12t\, = 121 
/. W = 11 lbs. 

Example for Exercise.— 

A body weighs 8 lbs. in one scale, and 12 lbs. 8 oz. in the 
other. Find its true weight. 

63. The Steelyard. — ^The common steelyard is a lever of 
the first class, and consists 
of a steel rod suspended 
from a point C, which is 
the fulcrum. The body A f ED 

to be weighed W is sus- p^ 
pended from a fixed point 
B, while a moveable 
weight P is made to slide 
along the graduated bar 
AC until there is equilibrium. The position of P, when 
equilibrium is obtained, indicates the weight of the sub- 
stance. 

AC is graduated in the following manner. First, no weight is 
hung at B, and P is made to slide along AC until a point D is 
found, such that the rod is in equilibrium. Then if Q be the 
weight of the bar and G its centre of gravity 

P X CD = Q X CG. 

A weight of 1 lb. is now hung at B, and P is moved along the 
rod until a point E is found, such that the rod is in equilibrium. 

The inoment of P is now P X (CD + DE), or PxCD + PxDE. 
Now P X CD is just equal to the moment of the weight of the 
bar, and therefore P X DE is equal to the moment of 1 lb. at B. 
The mark, 1 lb., is therefore placed at E. 

Next mark off EF = DE. Then P x DP = 2P x DE = the 
moment of two pounds at B. 

The mark, 2 lbs., is therefore placed at B, and by marking off 
equal distances along AC the remainder of the steel-yard is 
graduated. 



I di HACH1N2S. 

64. The Whed and Axle. — The simplest form of the 
wheel and axle consists of two cylin. 
ders with the same axis. The lai^r 
cylinder is called the wheel and the 
smaller the axle. The weight is 
hung from the axle by a cord, which 
is wrapped round its circumference, 
and the power is applied to the 
wheel in a similar way ; the two cords being wrapped in 
opposite directions. 

Another form of the wheel and axle is the windlass, in 
which the power is applied by means of a handle. 

A third form is the capstan, in which the axis is vertical, 
and the power is applied horizontally by means of spokes. 
Another common modification is the toothed wheel 
To find the condition of equilibrium of the wheel and 
axle, we must consider a cross section and 
suppose both P and W to act in the plane of 
the paper. Let C he a point in the common 
axis, and let F act at A, and W at B. Then 
since there is equilibrium, the moments of 
P and W about C must be equal, and there- 
fore P x AC = W « EC. 

The same equation will be obtained, at whatever point 
in the circumference of the wheel P is supposed to act. 

It is evident that we nay regard the wheel and axle as a 
lever whose fulcrum is C. 

Example— The radii of a wheel and aile are 4 feet and 6 
inches tespectively. What force must be applied to raise a 

weight of 66 lbs 9 

Aa above P x AC = W x BC. 

In this case AC >- 4B inches, BC = 6 inches, 'W= 56 lbs. 



THE PULLEY § 65 

.-. 48P = 6 X 66. 

336 
/. P= =7 lbs. 

48 

Example for Exercise. — In a capstan the length of the spoke 
is 6 feet, and the radius of the drum is 1 foot. Find the weight 
of an anchor which can be raised bj 6 men, each of whom exerts 
a force of 100 lbs. 

ExaminatioiL on Sections 58—64. 

1. Define a machine, and explain what is meant by the terms 
Power and Weight in connection with it. 

2. Define a lever. In what three ways may the points of 
application of the power and weight be situated with regard to 
the fulcrum? Illustrate by a diagram and give examples of 
each. 

3. What useful machines are formed by joining two similar 
levers at the fulcrum ? 

4. Find the condition of equilibrium of the lever. 

5. Describe the construction of the common balance. What 
are the characteristics of a good balance, and how may they be 
attained? 

6. Show how the true weight of a body may be ascertained 
by means of a balance whose arms are unequal. 

7. Describe the steelyard and show how to graduate it. 

8. Find the condition of equilibrium of the wheel and axle. 
Name any modifications of the wheel and axle. 

65. The Pulley. — A pulley consists of a small wheel in 
the rim of which a uniform groove has been cut. It is 
easily moveable about its axis, which is fixed in a block, 
the block being either fixed to a beam or suspended by a 
cord. A cord passes round part of the circumference of the 
pulley, and is kept stretched by means of forces acting at 
both ends of the cord. When there is equilibrium these 
forces must be equal, as otherwise the cord would be drawn 
round the pulley in the direction of the greater force. Thus 
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if a force P act on one end of a cord which passes round 
one or more pulleys, an equal force P must act on the other 
end of the cord. Since this force P keeps the cord stretched, 
it is called the tension of the cord. 

Let K be a pulley supported by a cord KL, and acted on 

by a second cord whose ten- 
sion is P. If R be the tension 
of the cord KL, then the three 
forces, P, P and R, must be in 
equilibrium, or R is equal and 
opposite to the resultant of 
P and P. 

In the pulleys M and N, 
the forces P and P are parallel, and therefore the resultant 
is in each case equal to 2P. 

There are various combinations of pulleys, and in each we 
can find the relation of the Power and the "Weight, by con- 
sidering the equilibrium of each pulley separately. The 
three following cases have been called the first, second, and 
third systems of pulleys. There is no special reason for this 
order, but it is retained here for convenience of reference. 

66. First System of Pulleys. — In this system a number 

of cords are used, each of which is at- 
tached to the beam and supports one 
moveable pulley. In the figure the power 
P acts on the cord AD, which is attached 
to the beam at D and supports a pulley 
at A. To this pulley is attached a cord 
ABE, which supports a second pulley B, 
and so on. 
The last pulley supports the weight W. 
Since the tension of AD is P, 
.-. the tension of ABE is 2P (§ 66), 
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.-. the tension of BCF is 4P, 
„ „ CK is 8P, 

.-. W = 8P. 

This may be written W = 2'P. If 4 strings are used, 
we have in like manner W = 2*P, and so on. Therefore, 
if n strings are used, — 

W = 2»P (25) 

The weight W is supported by the force P and by the 
beam DEF. Therefore the part of the weight supported 
by the beam is — 

W - P = 7P. 

This may also be proved by adding the tensions of the 
three strings which are attached to the beam. 

Thus the tension of AD = P, 
„ „ BE = 2P, 

CF = 4P. 



/. Weight supported by beam = 7P. 

In the same manner, when there are n strings, the weight 
supported by the beam is — 

2»»P-Por(2»-l)P. 

Example — A weight of 1 lb. is sustained by a force of 1 oz. 
How many cords and pulleys are employed 1 

By (25) W = 2*P. 

But P = 1 oz., and W = 16 oz. 
.-. 16 = 2». 
But 16 = 2*, 
.*. n = 4, 

or the system has 4 cords supporting 4 moveable pulleys. 

Example for Exercise.— If five pulleys are used, and the 
Power LB 3 lbs., find the Weight. 
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67. Second System of Pnlleys. — Here there are two 

blocks of pulleys, one of which is 
fixed to the beam, while the other 
supports the weight. Only one cord 
is used, which passes round a pulley 
in the upper and lower block alter- 
nately, and is finally Bxed to one of 
the blocks. 

In finding the condition of equili- 
brium we have only to observe how 
many times the tension of the string 
acts on the lower block. In the 
figure there are 4 strings at the lower 
block,* and therefore — 

W= 4P. 

If there were w strings at the lower block we should 
have in like manner — 




W = «P 



(26) 



In this case the beam supports both W and P. Thus 
the weight supported by the beam is W + P = 6P. This 
result may also be obtained by observing that there are 5 
strings acting on the upper block. 

In the same manner, if there are n strings at the lower 
blocky the weight supported by the beam is 

wP + P or (n + 1)P. 

This system of pulleys is of much practical use. In the 
other systems too much space is taken up by the motion 
of the pulleys. In the common form of block all the 
wheels (or sheaves) are on the same axle. 

* The number of strings at the lower block is equal to the whole num- 
ber of pulleys in both blocks. 
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Example.— The apper block contains 
3 sheaves, and the string is attached to 
the lower block. What "Weight is sus- 
tained by a Power of 1 lb. 1 

Drawing the figure we can see that 
there are 5 strings at the lower block, 
therefore— 

W = 6P = 5 lbs. 

Example for Exercise.-^! lb. supports 

6 lbs. Draw the diagram, and find how 
many sheaves there are in each block. 



68. Third System of Pnlleys. — The third system of pul- 
leys is simply the first system inverted, the 
beam and weight changing places. 

Thus the tension of AD is P, that of ABE is 
2P, of BCF, 4P, and of CK, 8P. 

Thus the beam supports a weight of 8P, and 

since this is made up of W and P, we have 

W = 8P-P = 7P. 

Similarly when these are n strings the beam 

supports a tension of 2"P, and therefore W = 

2»P-P. 

Or W = (2'' - 1) P . . (27). 

^^ Example.— If there are 4 pulleys and the Power 
-- JyiP is 8 lbs., find the Weight 




By (27) W = (2» - 1) P. 
= (2* - 1) X 3. 
= (16 - 1) X 3. 
= 15 X 3 = 46 lbs. 
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Example for Exercise.— If there are 5 pulleys, and the Weight 
is 62 lbs., find the Power. 

69. The Inclined Plane. — ^When a body is in contact with 
a smooth plane, it generally exerts some pressure upon it, 
and this pressure is at right angles to the surface of the 
plane. By the third law of motion the plane exerts on the 
body an equal and opposite pressure which is called the 
reaction of the plane (§ .55). In the case of a body lying on 
a horizontal plane, the reaction of the plane is equal to the 
weight of. the body, but when the plane is inclined to the 
horizon, the direction of the reaction is no longer opposite 
to the direction of gravity, and a third force is necessary to 
maintain equilibrium. We shall consider the conditions of 
equilibrium in two simple cases. 
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70. Equilibrium on an Inclined Plane when the Power 

Acts up the Plane. — Let AB be 
a section of an inclined plane, made 
by a vertical plane perpendicular to 
it. Let the plane of the paper re- 
B present the vertical plane, and let 
AC be a horizontal line, and BC 
be perpendicular to AC. Let D be 
a body resting on the inclined 
plane AB. Then D is kept in 
equilibrium by three forces, its 
weight W acting downwards, the power P acting in the 
direction AB, and the reaction R acting at right angles to 
the plane. 

From AB cut off AE = BC. Draw EF at right angles to 
AB and equal to AC. Join AF. 

The A FAE = A ABC in every respect (Euclid L, 4), 
and therefore the angle FAE = the angle ABC. 
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Bat the angles ABC and BAG are together equal to a 
right angle (Euclid I., 32). 

.*. FAE and BAG together make up a right angle. 

.% AF is parallel to BG, and the three sides EF, FA, AE, 
are parallel to the directions of the forces R, W, P. 

If then FA be taken to represent W, AE will represent 
P, and EF will represent E on the same scale. 

But FA = AB, AE = BG, and KF = AG. 

/. If AB be taken to represent W in magnitude, BG will 
represent P, and AG will represent R on the same scale. 

Therefore the Power is to the Weight as the height of 
the plane is to its length. 

Examples.— 

1. If the height of the plane be to its length as 3 to 5, what 
Power win support a Weight of 20 lbs ? 

Suppose that the length is 5 feet and the height 3 feet. 

Then 5 feet represents 20 lbs, 
1 „ „ 4 lbs, 

3 „ „ 12 lbs, the Power. 

2. A railway train, weighing 126 tons, rests on an incline, and 
is kept from moving downwards by a force of 15 cwt. What is 
the slope of the incline 1 

W 126x20 ^ ^ 

Here — = =168. /. W=168 P. 

Thus the weight is 168 times the power, and therefore the 
length of the plane is 168 times its height. 
That is, the incline rises 1 in 168. 

Examples for Exerdse.— 

1. If the length of the plane be 13 feet and the base 12 feet, 
what Weight will be supported by a Power of 5 lbs ? 

2. The height of a plane is to its base as 12 to 35. If a weight 
of 3 tons 14 cwt be placed on the plane, find what force up the 
plane is required to keep it at rest. Find also the pressure on 
the plane. 
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71. EQnilibrinm on an Inclined Plane when the Power 

B Acts Horizontally. — Let AB repre- 
sent the inclined plane, D the body- 
resting on it Let W be the 
weight of the body, E the reaction 
of the place, and P the Power 
acting horizontally. 

From AC cut off AG = BC. 
From G draw GH at right 
angles to AC and equal to AC. 
Join AH. 

Then A AGH = A ABC in every 
respect (Euclid L, 4). 
.-. L GAH = L ABC. 
But L ABC + L BAC = art, iL (EucHd L, 32). 
.-. L GAH + L BAC =^ art, l. 
.*. AH is at right angles to AB, and the three sides AG, 
GH, HA are parallel to the directions of the forces P, W, 
and R 

If then GH or AC be taken to represent W in magnitude, 
AG or BC will, on the same scale, represent P, and AH or 
AB will represent E. 

Therefore the Power is to the Weight as the height of the 
plane is to its base. 

Example- — If the height of the plane be to its baas as 3 to 8, 
and the Power be 12 lbs., find the Weight. 

Here 3 represents 12 lbs., 
1 „ 4 lbs., 

8 „ 32 lbs., the Weight. 

Example for Exercise-— If the length be to the base as 25 
to 24, and the Power be 14 lbs., find the Weight. 

Examination on Sections 66—71. 

1. What is a pulley ? Explain what is meant by the tension 
of a cord. 
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FRICTION. § 72 

2. A rope passes round a pulley, prove that its tension on both 
sides of the pulley must be equal if equilibrium is maintained. 

3. Find the condition of equilibrium in a system of pulleys, in 
which all the cords are fastened to the beam. Find also the 
weight supported by the beam. 

4. Find the condition of equilibrium in a system of pulleys in 
which the same cord passes roUnd all the pulleys. 

5. Find the condition of equilibrium in a system of pulleys in 
which all the cords are fastened to the weight. 

6. Explain what is meant by the reaction of a plane. 

7. Find the condition of equilibrium of a body on a smooth 
inclined plane acted on by a force parallel to the plane. 

8. Find the condition of equilibrium of a body resting on a 
smooth inclined plane, and acted on by a horizontal force. 

72. Friction. — When two bodies are pressed together, 
and we try to make one of them slide over the other, a re- 
sistance is experienced which is called Statical Friction. 

As long as the body is not moved, the amount of friction 
called into play is just sufficient to maintain equilibrium, 
and acts in the direction opposite to that in which the 
forces tend to produce motion. 

When the body is on the point of being moved, the whole 
amount of statical friction is called into play. 

The whole amount of statical friction between two given 
bodies bears a fixed proportion to the normal* pressure be- 
tween the surfaces, if other circumstances remain the same. 

Thus if R be the normal pressure, the greatest possible 

* By nornicU pressure is meant the pressure at right angles to both 
j^ surfaces. If AB and CD be two surfaces 

which are pressed together at P, then the 

B portion of their surfaces in contact is 

^^^ approximately a part of a plane surface 

^^^- — \t KL, and the direction of the straight 

^"■^^^ line MPN drawn through P at ri^ht 

p angles to EL is the normal to both 

surfaces. 
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§ 73 MACHINES. 

value of the friction is fiRy where ^c^ is a fraction depending 
on the nature of the surfaces, and varying from ^ in such 
bodies as oiled and polished metals, to i in such bodies as 
wet leather. 

fi is called the co-efficient of statical friction. 

When the statical friction is overcome and motion takes 
place, a force of friction continues to act, which is propor- 
tional to the pressure, and independent of the rate of 
motion, but the co-efficient of Kinetic Friction is less than 
that of statical friction. 

73. Angle of Repose. — ^When a body is laid on a rough 
plane, and the plane slightly tilted, the force of gravity 
tends to make the body slide down the plane. This calls 
into play the force of friction acting up the plane. If W 

be the weight of the 
body, E the reaction 
of the plane, and F 
the friction, then the 
three forces W, R, 
and F are in equili- 
brium and are there- 
fore (§ 70), proportional to the lengths AB, AC, and BC. 

If the plane be now tilted until the body is on the point 
of sliding, it is easily seen that BC is increased, and there- 
fore F, which is proportional to BC, is also increased. 
In the limiting position 

F = fiK 
but F and R are proportional to BC and AC, and therefore 

also 

BC = MC. 

or dividing both sides of this equation by AC. 

BC 

^= AC <28) 
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MACHINES IN MOTION. § 74 

When the plane is in this position the angle 6AC is called 
the Angle of Repose, 

Examples.— 

1. What must the oo-efficient of friction be, in order that a 
body may rest on a plane inclined at an angle of 45^ % 

BC 

By (26) M = ^^, 

but if Z BAG = 45^ AC ^ BC, 

/. /* = 1. 

This case is imaginary, since ii is less than unity for all known 
substances. 

2. A body just rests on a plane in which the height is one-half 
the length. Find the angle of repose. 

Here ABC is one-half of an equilateral triangle. Therefore 
the angle of repose is 30°. 

Also if BC=1, AC = \/aB2 - BC^ = s/a^ = v/ 3. 

_ BC _ 1 
••'*- AC "V3 

Examples for Exercise.— 

1. A weight of 80 lbs. rests on a horizontal plane, and it is 
found that it can be moved by a horizontal force of 10 lbs. Find 
the co-efficient of friction. 

2. A body lies on a horizontal slab 10 inches long. If the co- 
efficient of friction be }, how high may one end of the slab be 
raised, before the body will begin to move ? 

74. Machines in Motion. — We have investigated the re- 
lation of the Power to the Weight necessary in each case 
to keep the machine in equilibrium. If the Power be 
caused to exceed this value by a very small amount the 
machine will be set in motion, and the force P will do 
work (§ 27). 

In the cases we have considered, no part of the work is 
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§ 74 MACHINES. 

spent in giving enei^y to the machine, and therefore in each 
case the work done by the Power is equal to the toork done 
against the Weight 

In the cases of the lever and the pulley the points of 
application of both P and W move in the line in which 
these forces act, and therefore in these cases, the work done 
by each force is measured by that force multiplied by the 
distance moved by its point of application, § 27. 

/. P X Fs path = W X W's path. 
Thus, if P be less than W, its path is greater than that 
of W in the same proportion, or, as it is sometimes stated, 
what is gained in power is lost in space. 

In the case of the inclined plane, in measuring the work 
done by P and against W, we must consider the distance 
moved by the body in the directions of these forces respec- 
tively. 

Thus if the force be parallel to the plane, and the body 

I, be moved from K to L the 
work done by P is P x KL, 
while the work done on W is 
WxLM. 

Thus the'path of the body is 
increased in the same proportion as the power is diminished, 
and again we see that what is gained in power is lost in 
space. 

The fact, that the work done by the Power is equal to 
the work done against the Weight, may be proved in each 
machine from the conditions of equilibrium. Thus the 
above equation follows from the result of § 70, which states 
that P is to W in the same proportion as the height of the 
plane is to its length, or — 

W"KL 
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GENERAL EXAMPLES IN MACHINES. § 74 

If both sides of this equation be multiplied by W x KL, 
it takes the form — 

PxKL = WxLM. 

Example. — Show that, in the second system of pulleys, the work 
done by P is equal to that done against W. 

Since there are n strings connecting the two blocks, if W be 
raised 1 foot, each of the n strings is shortened by 1 foot, and 
therefore P descends n feet. 

But by the conditions of equilibrium, — 

W = nP, 

/. the amount of work done by P in moving n feet is equal to 
that done against W moving 1 foot. 
Similarly for any number of feet. 

Example for Exercise.— 

Prove that the work done by the Power is equal to that done 
against the Weight in (1) the lever, (2) the first system of pul- 
leys, (3) the wheel and axle. 

Examinatioii on Sections 72—74. 

1. Define statical friction. 

2. When is the whole amount of statical friction called into 
play, and in what direction does it act? 

3. What is meant by the co-efficient of statical friction ? 

4. What is kinetic friction 1 In what particulars do its laws 
resemble those of statical friction, and in what do they differ 1 

5. Explain what is meant by the angle of repose. 

6. Show how we may find the co-efScient of friction, when the 
angle of repose is given. 

7. When a simple machine is in motion, what ia the connec- 
tion between the work done by the power and that done against 
the weight ? 

8. Explain by reference to any simple machine, the meaning 
of the phrase, what is gained in power is lost in space. 

Oeneral Examples in Machines. 

The Lever. 

1. Where must I place the fulcrum in order that P may 
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MACHINES. 

balance W at the extremities of a straight lever AB, in the fol- 
lowing cases : — 

(1) P = 6 lbs., W = 3 lbs., AB = 3 feet 

(2) P = 6 lbs., W = 4 lbs., AB = 1 foot. 

(3) P = 10 lbs., W = J lb., AB = 3i feet 

2. The force at one end of a lever is 3 lbs., and its distance 
from the fulcrum 2 inches. If the lever be 5 inches long, find 
the force at the other end. 

3. In a pair of nutcrackers the nut is placed one inch from 
the hinge, and the hand is applied at a distance of 6 inches 
from the hinge. If the nut require 2^ lbs. pressure to break 
it, how much pressure must be exerted by the hand ? 

4. If a force of 3 lbs. 10 oz. act on a lever at 1 foot 8 inches 
from the fulcrum, where must a force of 5 lbs. act to produce 
equilibrium ? 

6. A uniform rod, 2 feet long, weighs 1 lb. ; what weight 
must be hung at one end, in order that the rod may balance 
on a point 3 inches from that end ? 

6. Two men carry a weight M, by means of a pole AB, one 
end of which is held by each. The weight is placed at the point 
C. Find what part of the weight each man bears in the follow- 
ing cases : — 

(1) AB = 5 feet, AC = 2 feet, M == 200 lbs. 

(2) AB = 7 feet, AC = IJ feet, M = 360 lbs. 

(3) AC = 4 feet, BC = 6 feet, M = 300 lbs. 

7. A lever, 5 feet long, rests on a fulcrum at one end, a weight 
of 10 lbs is suspended 1 foot 10| inches from the fulcrum, what 
force acting perpendicularly at the other end will preserve 
equilibrium ? 

8. Two forces, which are as 3 to 2, balance on a lever of the 
second class. If the distance between their points of applica- 
tion be 2 feet, find the whole length of the lever. 

9. Two forces of 5 and 6 lbs. act perpendicularly on a lever at 
a distance of 5^ inches. Find the position of the fulcrum, when 
the directions in which the forcea act are — (1) similar, (2) dis- 
similar. 
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MACHINES IN MOTION. 

10. A lever 2 feet long is supported by 2 pegs, one below it 3 
inches from its extremity, the other above it at its extremity. 
A weight of 5 lbs. is suspended from the other end. Find the 
pressure on each peg. 

11. A lever, 2 feet long, has the fulcrum at its middle point. 
Weights of 3, 6, and 12 lbs. are suspended at distances of 4, 8, 
and 10 inches on one side of the fulcrum. What force must act 
at the extremity of the other half of the rod to produce equi- 
librium 1 

12. Two weights of 4 lbs. are hung on one side of a lever, at 
distances of 5 and 9 inches from the fulcrum. What vertical 
force must act at 8 inches from the fulcrum to balance them ? 

13. A heavy beam, 3 feet long, weighs 4 lbs., and has a weight 
of 3 lbs. hung at one end. If the fulcrum be 1 foot from the 3 
lb. weight, what weight must be hung at the other end to pro- 
duce equilibrium ? 

14. A heavy uniform rod has a weight of 3 lbs. hung from 
one end, and balances about a point 4 feet from that end. If 
a weight of 5 lbs. be substituted for the 3 lbs. weight, the rod 
balances about a point 3 feet from the end. Find the length and 
weight of the rod. 

The Balance. 

15. A body weighs 4 lbs. in one scale of a false balance and 
6i lbs. in the other. Find its real weight. 

16. The arms of a false balance are 9 and 10 inches long. If 
the real weight of a body is 5 lbs. 10 oz., how much will it 
appear to weigh in each scale ? 

17. A body, which really weighs 3 lbs., appears to weigh 3^ 
lbs. in a false balance. Find the proportion of the lengths of the 
arms. 

18. A body, whose real weight is 4 lbs. 8 oz., appears to 
weigh 4 lbs. in one scale of a balance. 

(1) What will it weigh in the other scale ? 

(2) What is the proportion of the lengths of the arms ? 

The Wheel and Axle. 

19. The radius of the wheel is 4 feet, and that of the axle 6 
inches, what power will sustain a weight of 120 lbs? 
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MACHINES. 

20. The radius of the wheel is five times that of the axle. 
What weight can be raised by a force of 10 lbs. ? 

21. Twelve sailors, each exerting a force of 96 lbs., work a 
capstan with levers 7 feet 6 inches long. The radius of the cap- 
stan is 16 inches. What weight can they sustain ? 

PnLLET& 

22. Sketch two systems of pulleys, in each of which the 
weight is four times the power. 

23. Sketch two systems of pulleys in each of which the weight 
is seven times the power. 

24. In the first system of pulleys if there are five pidleys and 
the weight is 64 lbs., find the power. 

25. In the second system of pulleys if the power is 7 lbs. and 
the weight 56 lbs., draw the diagram. 

26. In the first system of pulleys three pidleys are used, each 
of which weighs 1 lb. Find what weight will be sustaiiied by 
a power of 10 lbs. 

27. In the second system of pulleys, each block contains three 
sheaves, and the moveable block weighs 3 lbs. What weight 
will be sustained by a power of 10 lb& ? 

28. In the third system of pulleys three pulleys are used, each 
weighing 1 lb., find the weight if the power be 10 lbs. 

The Inclined Plane. 

29. On a smooth plane, rising 3 in 5, a weight of 10 lbs. is kept 
from sliding by a force in the direction of the plane. Find — 

(1) this force. 

(2) the pressure on the plane. 

30. An inclined plane rises 16 in 65. Find what weight will 
be supported by a horizontal force of 80 lbs. 

31. A horizontal force of 35 lbs. supports a weight of 120 lbs. 
upon an inclined plane. Find the pressure on the plane. 

32. A plane is inclined at an angle of 45^. Find the horizon- 
tal force necessary to support a weight of 10 lb& 

33. A weight is supported on an inclined plane by a force 
parallel to the plane. If the power is half the weight, find the 
inclination of the plane. 
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MACHINES IN MOTION. 

34. A weight of 20 lbs. rests on a plane and is supported by a 
horizontal force of 15 lbs. 

(1) Find the pressure on the plane. 

(2) Find what power parallel to the plane would support it. 

(3) Find the pressure on the plane in this second case. 

Miscellaneous. 

35. Two levers, each 1 foot long, are combined so that the 
weight of the first is the power of the second. In the first the 
power is 9 inches from the fulcrum, and in the second 8 inches. 
Find the ratio of the power^ to the weight. 

36. Two inclined planes of the same height slope in opposite 
directions, and two weights rest, one on each plane, connected 
with each other by a cord passing over a pulley at the common 
vertex. If the lengths of the planes are 5 feet and 6 feet, find 
the relation of the weights that equilibrium may be possible. 

37. In a lever the weight is four times the power. What will 
be the velocity of the power when that of the weight is 7 ? 
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CHAPTER VI. 

HYDBOSTATICS. 

75. Fluids. — It has been already stated that all solid 
bodies possess a certain amount of rigidity. Liquids and 
gases have no rigidity. They are considered together under 
the name of Fluids. 

In Hydrostatics we consider only fluids at rest. When 
at rest all fluids satisfy the following definition. 

A Fluid is incapable of resisting a change of shape. 

In other words, fluids do not exert Statical Friction. 
When in motion all known fluids exert Kinetic Friction, 
and therefore do not satisfy this definition. If a fluid could 
be found incapable of exerting kinetic friction, it would be 
called a Perfect Fluid, 

The different portions of a fluid exert pressure on each 
other, and on the sides of the vessels which contain them. 

In order to investigate fluid pressure we may consider 
the equilibrium of any small portion of the fluid by itself. 
The surfaces, by which this portion of the fluid is bounded are 
pressed by the surfaces (whether solid or fluid) with which 
they are in contact, and by the third law of motion, they 
exert on them an equal and opposite pressure. 

The pressure exerted by any portion of a fluid at rest is per- 
pendicular to the surface of that portion. 

For, if the pressure were not perpendicular to the surface 
it could be resolved into two components, one perpendicu- 
lar, and one parallel to the surface. This latter component 
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LIQUIDS AND OASSS. § 76 

would tend to produce sliding motion, and since, by the 
definition, it could not be resisted, motion would take 
place, and therefore the fluid would not be at rest. 

It is assumed throughout this chapter that no change of 
temperature takes place in the bodies treated of. 

76. Liqnidfl and Gases. — Fluids are divided into Liquids 
and Chses, which differ in the following respects : — 

Liquids are nearly incompressible, that is, the volume 
of a given mass of a liquid remains nearly constant to what- 
ever pressure it is subjected. The volume of a liquid con- 
tained in a closed vessel must be either equal to, or less 
than, the volume of the vessel. In the latter case the 
liquid only fills part of the vessel, and has, therefore, a free 
surface. A liquid can also be contained in an open vessel. 

Gases are easily compressed, that is, the volume of a 
given mass of a gas is not constant, but becomes smaller 
when the pressure to which it is subjected is increased, and 
larger when the pressure is diminished. (See § 90.) If a 
quantity of gas is placed in a closed vessel, it expands so as 
to fill the whole vessel, and then presses on, and is pressed 
by the sides of the vessel A gas cannot be contained in an 
open vessel, unless the space outside the vessel contains 
some fluid which exerts pressure on the gas. For example, 
if an open vessel containing a gas be placed in a space ex- 
hausted of air, the gas will expand and fill the whole space. 
On the other hand, if a vessel containing gas be held mouth 
downwards in water the gas will remain in the vessel. 

It is to be observed that we do not in this treatise con- 
sider any changes due to such causes as chemical reactions, 
absorption of gases by liquids, etc. 

77. Density. — ^If we take equal volumes of two bodies, 
and find that the mass of one is greater than the mass of 
the other, the body which has the greater mass is said to be 
denser than the other. 
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§ 77 HYDROSTATICS. 

Thus, if we compare a cubic foot of iron with a cubic 
foot of wood, we find that the iron has the greater mass, 
and is therefore denser than the wood. Similarly mercury 
is denser than iron, iron than water, water than air. 

The DENsnr of a body is the mass contained in unit volume. 
If we take a foot as the unit of length, a cMcfoot will be 
the corresponding unit of volume. Let f> be the density of 
a body of mass M, whose volume is Y cubic feet. 
Then the mass of 1 cubic foot is f>, 
» » 2 „ feet „ 2p, 

and so on. Therefore the mass of V cubic feet is Vf>, or 

M = Vf», (29) 

Since the volume of a given mass of a liquid is constant, 
its density is also constant, but different liquids have dif- 
ferent densities. 

In a gas the volume varies with the pressure, and there- 
fore the density also varies. If we divide both sides of (29) 
by (1) f>, (2) V, it takes the forms 

„ M M 

V = y, and |P = -^, 

which show us that the volume of a given mass varies 
inversely as the density. 

Examples.— 

1. A cubic inch of iron weighs i of a lb., find its density. 

M 
In the equation /> = :—■, M = J, V = ttVtj 

/. p = J X 1728 = 432, 
or the mass of a cubic foot of iron is 432 lbs. 

2. k cubic foot of water weighs 1000 ounces, find its density. 

Here M = i^, V = 1. 

• - 1 OOO /joi 
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PRESSURE AT A POINT IN A FLUID. § 78 

Examples for Exercise.— 

1. Three cubic feet of oak weigh 219 lbs., find its density. 

2. The density of mercury is 812, find the weight of 1 cubic 
inch. 

78. Pressure at a Point in a Fluid. — We have seen that 
the pressure on the surface of any portion of a fluid at rest 
is perpendicular to the surface. This pressure may be uni- 
form, or may vary from point to point of the surface. The 
pressure at a 'given point in a given direction is found by 
considering a plane area including the point and perpen- 
dicular to the direction. 

If the pressure is uniform over this area, then the pres- 
sure at the point is measured by the pressure on a unit of 
area taken so as to include the point in question. If the 
pressure is variable, then the pressure at the point is the 
pressure, which would be exerted on a unit of area, if the 
pressure all over the unit of area were the same as at the 
point under consideration. 

If we take a foot as the unit of length, a sqtuire foot will 
be the unit of area. It is, however, customary in measur- 
ing fluid pressure to take an inch as the unit of length and 
a square inch as the unit of area. 

Examples.— 

1. An area of 20 square feet sustains a uniform atmospheric 
pressure, altogether amounting to 43,200 lbs. Find the pressure 
at a point in the surface. 

If a square foot be the unit, — 

Pressure « ^"'°° = 2160 lbs. 

so 

If a square inch be the unit, — 

Pressure = ^ = 15 lbs. 

2. A rectangle measuring 9 inches by 4 undergoes a uniform 
pressure of 8 lbs. on the square inch ; find the pressure on the 
whole surface. 

The surface contains 36 square inches, — 

.*. Pressure = 36 x 8 = 288 lbs. 
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$ 79 HTDROSTATIOS. 

Example for Exercise.— If a Bqnare &rea measuring 4 inches 
etkcb -WAj aOBtain a uniform pressure of TS lbs., find the pregaore, 
(1) on a aqu&re foot, (S) on a square inch. 

79. Fluid not Acted on b; External Forcee. — When a 
fluid is not acted on by external forces, the pressure is the saine 
at all pmnis and in all diredions. 

Suppose tlie fluid to be contained In a closeJ vessel, and 
subject only to the pressure of the sides of the vessel. 




Iict A and B be any two points in the fluid and draw any 
curved line AB. 

Consider the eqailibrium of a portion of the fluid in the 
shape of a circular cylinder of uniform small section de- 
scribed about AB as axis. The cylindrical portion of the 
fluid is subjected to the pressure of the adjoining fluid on its 
curved surface and on its ends. 

Since the pressures on the curved surface are all at right 
angles to that surface, they do not tend to prevent the 
fluid from flowing through the cylinder. Therefore the 
pressures on the two ends at A and B must be equal, as 
otherwise the fluid would begin to flow in the direction of 
the greater pressure. Now the areas of the two ends are 
equal, and they may be taken as small as we please, there- 
fore the pressures at the points A and B perpendicular to 
the ends of the cylinder are equal. 

Let us now vary the direction of the line AB, so that the 

direction of the pressure at A remains the same, while that 

100 



HEAVY FLUIDS. § 80 

at B is changed. In each case the pressure at B is equal to 
the pressure at A, and thus we see that the pressure at B is 
the same in all directions. And since B is any point in the 
fluid, it follows that the pressure is the same at all points 
and in all directions throughout the fluid. 

80. Heavy Fluids. — (1) When external forceSy mch as 
gravity y ad on afiuid^ the pressure at a point is the same in all 
directions. 

For the preceding demonstration may still be applied by 
taking the points A and B very near each other, as in that 
case the weight of the cylindrical portion of the fluid may 
be neglected when compared with the pressures on its 
ends.* 

(2) The pressures at any two points in the same horizontal 
plane are equal to one another. 

Let A and B be two points in the same horizontal plane, 

and consider a small cylinder of the 
fluid of which AB is the axis. 
Since the weight of the fluid acts 
vertically, it does not prevent 
motion in either direction. There- 
fore the pressures at A and B must be equal to each other. 

(3) Tlie pressures at any two points in the fluid differ by the 
weight of a cylinder of the fluid whose base is unit of area, and 
whose height is the vertical distance between the points. 

Let A and C be any two points in the fluid. Through 
draw a horizontal plane, and through A draw AB perpen- 
dicular to this plane. 

* The pressures on the ends are proportional to their areas, while the 
weight is proportional to the volume. If the distance AB is reduced to ^ 
of its former length, the proportions of the cylinder being unaltered, the 
pressures on the ends are reduced to y^ of their former value and the 
weight to Y^' ^us the weight may finally be left out of account com- 
pared to the pressures. 
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About AB as axis describe a cylinder whose base is unit 

of area, and consider the equilibrium of the 

fluid within the cyhnder. 

= The pressure on the end A and tbe 

p weight of the fluid tend to make the fluid 

= within the cylinder flow downwards. This 

is prevented solely by the pressure on the 

end B upwards, since all the pressures on 

the curved surface are horizontal. 

.-. Pressure on end A + weight of cylinder of fluid = pres- 
sure on end B. 

But the end A is part of a horizontal plane, and as 
proved above the pressure on it is uniform, and is therefore 
equal to the pressure at the potTtl A (§ 78) ; — 

.■. Pressure at A + weight of cylinder — pressure at B. 
And since C is in the same horizontal plane as B, — 

Pressure at C •= pressure at B. 
.■, Pressure at A + weight of cylinder = pressure at C. 
In liquids tbe density is the same throughout, and hence 
tbe weight of the cylinder AB is the same from whatever 
part of the liquid it is taken, as long as its size is unaltered. 
In gases, however, it is important to notice that tbe ends of 
the cylinder must be in the planes of A and C. 

The fact, that the pressure at any point of a fluid is equal 
to the pressure at its highest point together with the pres- 
sure due to the weight of the fluid, is often called the prin- 
ciple of the Transmissibilily of Fluid Pressure. 

Ezunination on SectiouB 76—80. 
1. Define a fluid. Prove that in a fluid at rest the pressure on 
snj surface is at right angles to that surface. 

'J. Prove that fluids camiot exert statical friction. 

3. What is meant by a perfect fluid ? 

4, Distinguish between liquids and gases. 

6. Define density. Prove the formula M = Vp, 
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6. Show that the density of a gas is inyeraely proportional to 
its volume. 

7. Explain what is meant by the pressure of a fluid at a given 
point in a given direction. How is it measured, (1) when uni- 
form, (2) when variable 1 

8. Prove that, in a fluid unacted on by external fprces, the 
pressure is the same at all points and in all directions. 

9. Prove that the pressure at any point in a heavy fluid is the 
same in all directions. 

10. Prove that in a heavy fluid the pressures at all points in 
the same horizontal plane are equal. 

11. Prove that in a heavy fluid the pressures at any two 
points differ by the weight of a column of the fluid, whose base is 
unit of area, and whose height is the perpendicular distance be- 
tween the points. 

12. What is meant by the transmissibility of fluid pressure 1 

81. Heavy Liquids. — We have seen that in all heavy 
fluids, and therefore in liquids, the pressures at any two 
points differ by the weight of a cylinder of the fluid, whose 
base is unit of area and whose height is the vertical dis- 
tance between the points. 

When a liquid fills a closed vessel, the whole surface of 
the liquid is generally subjected to pressure by the inner 
surface of the vessel. 

When a liquid has a free surface, the space above this 
free surface is generally occupied by a gas (as, for example, 
air or steam), which exerts a nearly uniform pressure on 
the surface. 

Let p be the pressure at the highest point (or at the free 
surface) of the liquid, and let q be the weight of a cubic 
foot of the liquid. Then at a depth of 1 foot the pressure 
is equal to p + q, at a depth of 2 feet the pressure is 
p + 2qj and so on. 

Therefore at a point x feet below the surface the pressure 
is I? '¥xq. 
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When liquids are flubjected to great pressure as, for 
example, in Bramah's press (§ 97), the applied pressure is 
HO great that the pressure caused by th^ weight of the 
liquid may be left out of account in comparison with it 

That is, in the expression p -^ xq, q is veiy small 
compared with p, and we may therefore neglect xq and 
consider the pressure to be uniform and equal to p. 

If, on the other hand, the pressure p at the surface of a 
liquid is very small, as, for example, in the barometric 
column (§ 91), we may leave it out of account in comparison 
with the pressure caused by the weight of the liquid, and 
the pressure at any point in the liquid is therefore orq. 
That is to say : — 

When there is no pressure at the surface of a heavy liquid, then 
the pressv/re at any point is proportional to its depth below the 
surface. 

Examples.— 

1. If the pressure of the air on the surface of a lake is 15 lbs. 
on the square inch, and if a cubic foot of water weighs 1000 oz., 
find the pressure at a depth of 100 feet. 

Take a foot as unit of length. Then a: = lOO. 

.'. The pressure at 100 feet is jo + 100 q, 

p is the pressure on a square foot at the surface, and = 144 x 
15 = 2160 lbs., q = 1000 oz. = 62} lbs. 

.-. jt? + 100 ^ = 2160 + 6250 = 8410 lbs. 

This is the pressure on a square foot ; the pressure on a square 
inch is found by dividing this result by 144. 

2. The pressure at the surface of mercury being zero, find the 
pressure at a depth of 6 feet, assuming mercury to be 13} times 
as dense as water. 

Here ^ = 0, and g^ = 13} x 62} = 843J lbs. Also ^ = 6. 
.'. The pressure = 67 = 5062} Iba 
As before, this is the pressure on a square foot ; that on a square 
inch is 35/^ lbs. 
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Examples for Exercise.— 

1. The pressure at the surface of a liquid is 10 lbs. on the 
square inch ; that at a depth of 4 feet is 20 lbs. on the square 
inch. Find the weight of a cubic foot of the liquid. 

2. if there be no pressure on the surface of water, at what 
depth will the pressure be 15 lbs. on the square inch ? 

3. The pressure on the surface of a liquid is 2 lbs. on the 
square inch, that at a depth of 5 feet is 4^ lbs. Find the pres- 
sure at a depth of 400 yards. 



82. Surface of Heavy Liauids. — We have seen that in 
heavy fluids, the pressures at all points in the same hori- 
zontal plane are equal. It follows that the surface of a 
heavy liquid is Jiorizontal if all parts of that surface are sub- 
jected to the same external pressure. 

For, if possible, let A and C be two points in the surface 
of a heavy liquid, which are subjected to the same external 

pressure, but are not on the same 
horizontal plane, and let AB be the 
perpendicular from A on the hori- 
zontal plane through C. Then by 
§ 80 the pressure at G exceeds that 
at A by the weight of a cylinder of the liquid whose base 
is unit of area and whose height is AB. Therefore the 
pressures at A and C cannot be the same unless these points 
are in the same horizontal plane. 

The proposition as above enunciated is only true in the 
case of small surfaces. In the case of such large areas as 
lakes, canals, and seas, the directions in which gravity acts 
at distant points in the surface are not even approximately 
parallel Each small part of the surface is very approxi- 
mately a plane perpendicular to the direction of gravity at 
that part, but the whole surface is approximately spherical. 
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The figure represents a section of the surface of one of 

the larger oceans 
made by a plane 
passing through the 
earth's centre, the 
curvature being 
enormously exag- 
gerated. The arrow heads show the direction of gravity 
at different points of the surface. 

83. Presstires on the Sides and Base of a Vessel con- 
taining a Heavy Liquid. — We have seen that the pressure 
at any point of a heavy liquid is equal to p + ocq. p re- 
presents the atmospheric (or other) pressure on the surface 
of the liquid, and may be left out of account, in considering 
the pressure due to the liquid. 

Thus the pressure on the interior surface of the vessel at 
any point is xq, where x is the depth of that point below 
the surface of the liquid. Suppose the vessels represented 
in the diagrams below to be filled to the same depth with 
water, then the pressures at any point in their bases (sup- 
posed horizontal) are the same. Thus the whole pressure 
sustained by the base of each vessel is equal to the weight 
of a cylinder of water standing on that base and terminated 
by the surface of the liquid. 

In figure 1, the vessel is cylindrical and 
the pressure on the base is equal to the 
weight of all the liquid in the vessel, pres- 
sure on the sides being horizontal 

In figure 2, the pressure on the base is less than the 

weight of the liquid in the vessel, by the 
weight of the portion of liquid contained in 
the wedge-shaped ring which surrounds the 
dotted cylinder. The pressure on the sides 
may in this case be resolved into two components, one 
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horizontal and the other vertically downwards. The latter 
is equal to the weight of the liquid in the wedge-shaped ring. 
In figure 3, the pressure on the base is more than the 
weight of all the liquid in the vessel, ^-^ 

and the pressure on the sides has a com- ff|l 

ponent acting vertically upwards. This C!! jSH^ --^ 
component is equal to the weight of the _ ] yt '^. j 
liquid which would be vertically over ^j^ff '^^ 
the sides if the liquid stood at the same ^^*^ ^^ 

level outside and inside the vessel Thus the resultant 
downward pressure caused by the liquid is found by sub- 
tracting the upward pressure on the sides from the down- 
ward pressure on the base, and is, as in the other cases, 
equal to the weight of the fluid in the vessel. 

84. Pressure on Body immersed in a Fluid. — Let S be a 

solid body immersed in a fluid. Sup- 
pose S removed, and the space occupied 
by it filled by the fluid. 

Then the portion of the fluid 
occupying the space S is acted on only 
by its weight, and by the pressure of the surrounding fluid, 
and, since there is equilibrium, these must be equal 

But the pressures of the surrounding portions of the fluid 
depend only on the depth below the surface, and are there- 
fore the same, whether the space S is occupied by a liquid 
or a solid. 

Therefore the resultant pressure on the solid is vertically 
upwards, and is equal to the weight of that part of the 
fluid which would fill the same space. 

85. Weighing in Air and in Water. — ^When a body is im- 
mersed in any fluid, we have seen that the resultant pressure 
of the fluid on the body is upwards, and equal to the weight 
of that portion of the fluid which the body displaces. 
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Thus when any body is surrounded by air, the air exerts an 
upward pressure on it equal to the weight of the same Yolume 
of air. If, as in the case of a balloon or a mass of heated 
air, the density of the body is less than that of the sur- 
rounding atmosphere, the upward pressure is greater than 
the weight of the body, and therefore causes the body to 
ascend. Similarly the downward pressure which any body 
surrounded by air exerts on the hand, the ground, or the 
scale of a balance is not, strictly speaking, equal to the 
weight of the body, but to the weight of the body 
diminished by the weight of the air which it displaces. 

To find the exact weight of a body, it must therefore be 
weighed in a vacuum. In the case of ordinary solids, 
however, the loss of apparent weight due to atmospheric 
pressure is so small that it may be neglected when com- 
pared with the whole weight of the body. 

On the other hand, when a solid body is immersed in 

water, oil, or any other 
heavy liquid, the apparent 
loss of weight is generally 
considerable, and we 
shall presently see that 
this process, combined 
with ordinary weighing, 
enables us to ascertain 
the density of the body. 

The diagram shows 
how this loss of weight 
may be ascertained. 
Bodies soluble in water 
may be weighed in oil, or they may be encased in a thin 
film of wax. 
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Examination on Sections 81—85. 

1. Prove that the pressure at any point in a liquid is equal to 
the pressure on the free surface together with the pressure caused 
by the weight of the liquid. 

2. Explain under what circumstances the pressure in a liquid 
may be considered to be uniform, and under what circumstances 
it may be considered to be proportional to the depth below the 
surface. 

3. Prove that the surface of a liquid at rest is a horizontal 
plane. 

4. Explain why the proof of the preceding question applies 
only to small surfaces. 

5. Prove that the pressure on any portion of the horizontal 
base of a vessel containing liquid is equal to the weight of the 
liquid, which would be contained in a cylindrical figure erected 
on that base and terminated by the surface of the liquid. 

6. Mention, and illustrate by a diagram, cases of vessels in 
which the whole pressure on the base is (1) greater, and (2) less 
than the weight of all the fluid in the vessel. 

7. Show that in both cases of the last question the resultant 
downward pressure on the base and sides of the vessel is equal to 
the weight of the fluid contained in the vessel. 

8. A body is immersed in a fluid. Find the resultant of all 
the pressures exerted by the fluid on the surface of the body. 

9. Prove that, when a body surrounded by any fluid is weighed, 
the result is not the true weight of the body. 

10. Show by examples that fluids exert an upward pressure on 
bodies immersed in them. 

86. Specific Gravity. — ^The weight of a given volume of 
any substance compared with the weight of an equal volume 
of a standard substance is called the Speific Gravity of the 
substance. 

The standard substance employed is distilled water at 
the temperature of its maximum density (4' centigrade). 

The specific gravity of water is therefore unity. 

It follows that the Specific Gravity of any body is equal 
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to the weight of the body divided by the weight of an equal 
volume of water. 

Let W be the weight of the body, W the weight of an 
equal volume of water, then if s be the specific gravity of 
the body, — 

W 
-Jfr-'> (30) 

or, multiplying both sides by W\ — 

JF = sJT. 

Since the weights of bodies are proportional to their 
masses,* and the masses of equal volumes of different bodies 
are proportional to their densities (see § 77), it follows that 
the specific gravities of bodies are proportional to their 
densities. 

Thus a table of densities may be converted into a table 
of specific gravities by dividing the density of each sub- 
stance by that of water. 

Examples.— 

1. The densities of water, oak, iron, and mercury, were found 
in § 77 to be 62J, 73, 432, and 812 respectively, find their speci- 
fic gravities. 

Dividing the density of each by that of water we obtain — 

Specific gravity of water = -^^ = 1. 



» » >» 



» >» » 



>♦ » 



'^aier = 


624 


oak = 


73 
62i 


iron = 


432 
62i 


■PITTV — 


812 



= 1-2. 
= 6-9. 



mercury^-— = 13. 



* See the law of universal gravitation, § 37. This fact was enunciated 
by Newton after a series of experiments in which he investigated the 
action of gravity by means of a pendulum with a hollow bob into which 
he introduced various substances. 
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2. The specific gravity of silver is lOJ, find the weight of a 
cubic inch. 

The weight of a cubic inch of water is ,^^ lbs. 
* 1728 

Thus in the equation PF = « Pf, we have — 

62i 

^ , 62J 875 „ 

/. Pf = lOJ X T^^-zz^ lbs. 
' 1728 2304 

3. A piece of wood weighs 23 lbs., and the same volume of 
water weighs 25 lbs., find the specific gravity of the wood. 

W 23 
By(30) «-- j^=25- 

4. Thirty-one cubic centimetres of gold weigh 599 grammes, 
find the specific gravity of gold. 

In iMinff the metrical si/stem it is important to remember that a 
cvhic centimetre of distilled water weighs 1 gramme. 

.*. Thirty-one cubic centimetres of water weigh 31 grammes. 

.•.By(30) , = -^ = -^ = 19-3. 

Examples for Exercise.— 

1. A cubic foot of copper weighs 540 lbs.; find its specific 
gravity. 

2. The specific gravity of ice is yjs* ^ii^d (1^) the volume 
occupied by one ton of ice ; (2) the weight of a cubic yard of ice. 

3. Sixteen cubic centimetres of zinc weigh 108*8 grammes ; 
find its specific gravity. 

87. Specific Oravity found by Weighing in Water. — 
When the volume and weight of a body are known, its 
specific gravity may be found by the methods of § 86. 
When the volume is not known, we may find the weight of 
an equal volume of water, by weighing the substance in 
water, and observing^ by how much the weight in water is 
less than the true weight. 
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Thus if JT be the weight of the body, w be its weight 
when weighed in water, W— w is the portion of its weight 
sustained by the pressure of the water, and is therefore 
equal to the weight of an equal volume of water (§ 84). 

W W 

-^--jr^W^ ^^^^ 

Examples.— 

1. A piece of ivory weighs 3 lbs. in air and 1*4 lbs. in water, 
find its specific gravity. 

TF 3 3 

By (31) '^w^-Tzn—Te"'-- 

2. A piece of wood weighing 5 lbs. is attached to a piece of 
metal weighing 10 lbs., and the whole weighs 7 lbs. in water. 
The metal alone weighs 9 lbs in water. Find the specific gravity 
of the metal and of the wood. 

For the metal we have by (31) 

W 10 

« = -7r^ = ..^ ^ =10. 

W-w 10-9 

To find the specific gravity of the wood, we observe that the 
whole weight of the body and metal is 15 lbs., and therefore the 
upward pressure of the water sustains a weight of 8 lbs. But 
the water displaced by the metal weighs 1 lb. Therefore the 
water displaced by the wood weighs 7 lbs. 

.\ By (30) . * = -7pr=y. 
Examples for Exercise.— 

1. A certain substance weighs 14 lbs. in air and 10 lbs. in 
water. Find its specific gravity. 

2. A body A, weighing 10 lbs., is attached to a body B, which 
weighs 6 lbs., and the whole is found to weigh 3 lbs. in water. 
If A weigh 5 lbs. in water, find the specific gravity of each. 

3. A piece of cork, weighing 1 lb., is attached to 21 lbs. of 
silver, and the whole weighs 16 lbs. in water. If the specific 
gravity of cork is J, find that of silver. 
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88. Specific Oravity of Plnids.— The specific gravity of 
any fluid may be ascertained by weighing a given body 
both ill water and in the fluid, and comparing the apparent 
losses of weight. 

Thus if TT be the real weight of the body, w its weight 
in water, and w^ its weight in the fluid, ^- w is the weight 
of the water displaced by the body, and W- to^ is the weight 
of the fluid displaced. 

Thus the weight of a fixed volume of the fluid, divided 
by the weight of an equal volume of water is — 

, = ^Z^ ..... (33) 
Jv — w 

A more direct method of finding the specific gravity of a 
fiuid is shown below in example 4. 

Examples.— 

1. A body weighs 1000 grains in air, 300 grains in water, and 
420 grains in another fluid, find the specific gravity of the latter 
fluid. 

W-Wx 1000-420 680 29 
By (32) s - ^_^ - iQQQ_3QQ - *j^ -35 

2. A solid, weighing 10 lbs., weighs 6 lbs. in a fluid A, and 
8 lbs. in a fluid B, compare the specific gravities of A and B. 

Here A supports 4 lbs., B 2 lbs. Thus the weights of equal 
volumes of A and B are in the proportion of 4 to 2, that is 2 
tol. 

Therefore the specific gravity of A is twice that of B. 

3. A body weighs 5120 grains in a vacuum, 4120 in distilled 
water, 4095 in salt water, find the specific gravities of the 
body, and of the salt water. 

By (31) the specific gravity of the body is 

W 5120 

' " W'W "6120 -4120""^'^^' 
H 113 



$ 88 HTDBOSTATICa 

By (32) the specific gravity of the salt water i 
, F-w, 5120-4096 



W-w 6120-4120 



1-025. 



4. A bottle weighs 3 oz. It is filled with water and found to 
weigh 12 oz. ; it is then filled with oil, and found to weigh 11 oz. 
Find the specific gravity of the oiL 

Here the weights of equal volumes of the water and oil are 
found, by subtracting the weight of the bottle, to be 9 oz. and 
8 oz. respectively. 

.-. By (30) < -- ^— |- 

5. Three lbs. of a fluid A, whose specific gravity is 1^, are 
mixed with 2 lbs. of a fluid B, whose specific gravity is }. Find 
the specific gravity of the mixture. 

Here the whole weight is 6 lbs., and we must find the weight 
of the water which would have the same volume. 
In fluid A, I lb. occupies the space of 1 lb. of water. 



.'. 1 lb. 


n 


» 


41b. 


» 


/. 3 Ibfl. 


77 


» 


2} lbs. 


» 


In fluid B, 1 lb. 


J> 


W 


lib. 


» 


/. 1 lb. 


99 


» 


lib. 


$7 


/. 2 lbs. 


77 


» 


2|lbs. 


» 



.'. 3 lbs. of A + 2 lbs. of B occupy the tsg^JOb of 2| + 2f *- 
5 j\ lbs. of water. 

6 75 

/. By (30) specific gravity ^— —^ 

Example for Ezercifle.— 

1. A body weighs 6 oz. in a vacuum, 4 in water, and 8 in 
another liquid. Find the specific gravities of the body and the 
second liquid. 

2. A body weighing 4 lbs. is found to weigh 1 lb. in a liquid 
whose q>ecific gravity is ^. Find the specific gravity of the 
body. 

8. A bottle weighs 10 grains when exhausted of air. When 
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air is admitted it weighs 10^ grains. When filled with water it 
weighs 610 grains. Tind the specific gravitj of air. 

4. Find the specific gravitj of a miztore containing 4 cubic 
inches of copper, specific gravity 9, and 6 cubic inches of zinc, 
specific graTitj 7, assuming that the Tolume of the mixture is 10 
cubic inches. 

89. Floating Bodies. — ^When a body is specifically lighter 
than a liquid in which it is immersed, the upward pressure 
of the liquid (§ 84) causes the body to rise to the surface, 
and to float partly above and partly below the surface. 

When in equilibrium, the weight of the body is sup- 
ported by the upward pressure of the 
liquid which is equal to the weight of 
the fluid displaced. Thus the weight 
of the fluid displaced is equal to the 
weight of the floating body. 

If, then, the body is of uniform density, and we know 
what fractional part of the body is immersed, we can find 
its specific gravity. 

Let TT be the weight of the body, and let — of the body 

be immersed. Then, the weight of the portion immersed 

X 

ia — of the weight of the whole body, and is therefore 

if 

zW 
equal to • Dividing the weight of this portion by TF, 

the weight of the water which it displaces, we obtain. 

« = — • • • • (33). 

y 

When this fraction cannot be ascertained, the specific 
gravity may be found by attaching a sinker, and proceed- 
ing in the manner shown in § 87, Example 2. 
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Examples.— 

1. A body floats with three-fourtlis of its volume immersed. 
Find its specific gravity. 

By (33) . = y=f 

2. A rod of wood floats with one-third of its volume out of 
the water. Find its specific gravity. 

Here the portion immersed = 1 = — of the rod. 

^ 3 3 

2 

3. The specific gravity of mercury is 18J. A piece of iron 
containing 27 cubic inches floats in mercury with 15 cubic inches 
below the surface. Find its specific gravity. 

If the specific gravity of mercury were taken afi unity, that of 
iron would be i^, but since the specific gravity of mercury is 13^, 
that of iron is J4 of 13j = 7J. 

Examples for Exercise.— 

1. What is the specific gravity of a piece of iron which floats 
with f% of its bulk above the surface of water ? 

2. What is the specific gravity of a body which, when placed 
in water, is wholly submerged, but does not sink ? 

3. A body, which weighs 6 lbs., floats in a liquid with one- 
third above the surface. What pressure must be applied to keep 
the body wholly submerged ? 

Examinatioii on Sections 86—89. 

1. Define Specific Gravity. How ia it measured ? 

2. What substance is taken as a standard in determining 
specific gravities ? 

3. Show that the specific gravities of any number of substances 
are proportional to their densities, and explain how the numeri- 
cal values of their specific gravities may be obtained from the 
numerical values of their densities. 

4. Explain how the specific gravity of a substance may be 
approximately obtained by weighing it in air and in water, and 
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prove that, if (P be the weight of the body, and w its weight in 

water, the specific ffxvitj is equal to -p. - ■ 

6. Explain two methods by which the specific gravity of a 
fluid can be ascertained. 

6. Prove that the specific gravity of a floating body beara to 
that of water the same proportion that the volume of the part 
immersed bears to the volume of the whole. 

7. Mention any two methods of finding the specific gravity of 
a body which floats in water. 

90. Boyle's Ja.tT.^This law, wMck connects the prtasiere and 
volume of gases, was discovered by the Honourable Kobert 
Boyle, one of the founderB of the Eoyal Society of London. 
It is sometimes called Manolt^s Law, alter a French 
physician Mariotte, who is believed to have discovered it 
independently; but there can be no doubt as to Boyle's 
priority, as his work on gases was published in 1662, while 
Mariotte's was published fifteen or eighteen years later. 

It is n£ follows : — 
The pressure of a gas ie inversely proportional to the volume. 

Let M be a quantity of gas enclosed in a cylinder, occu- 
pying a volume V, and subjected to a pressure p 
by means of a piston. By § 81 the pressure at 
any point in the gas is equal top + the pressure 
due to the weight of the gas. But in this case 
the pressure due to the weight is so small, that 
we may ne^ect it, and consider the pressure at 
any point in the cylinder to be equal to j>. If 
now the pressure on the piston be increased to 
2p, the piston will be forced down until the 
volume of M is reduced to JV, when the pressure 
at every point throughout the gas will be equal 
to 2p. Similarly, if the pressure be made 3p, 
the volume will be reduced to iV. If, on the other hand, 
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the preesnre on the cylinder be diminished to ip, the gas 
will expand, forcing np the piston until the volame is 2y. 
If the pressure be diminished to Ip, the volume will increase 
to 3Y, and so on. 

This may be expressed hj the equation, — 

I'-y (34) 

c 

which may also be written, «V = C or V = — , C being con- 

P 
stant and equal to the pressure of the gas at unit volume. 

Comparing (34) with the equation (§ 78) — 

M 

we see that Boyle's Law may be expressed in this form : — 
The presswre is praportionai to the density. 

Examples.— 

1. A bladder contains 24 cubic inches of *air when exposed to 
the pressure of the atmosphere. Find its volame when (1) the 
pressure is increased to 3 atmospheres ; (2) diminished to ^ of an 
atmosphere. 

(1.) Since the pressure is tripled, the volume will be reduced 
to i, and is therefore j^ of 24 = 8 cubic inches. 

(2.) Since the pressure is diminished to ^, the volume will be 
increased to four times its former value, and is therefore 
4 X 24 = 96 cubic inches. 

2. The pressure on the surface of the sea is 2160 lbs. on the 
square foot, and the weight of a cubic foot of water is 62^ lbs. If 
a diving bell contain 179 cubic feet of air at the surface, into 
what space will the air be compressed when the bell is lowered 
to a depth of 80 feet? 

C 

Using the formula p » -=:, at the surface of the sea^ — 

p « 2160 and V = 179. 
.•.C=i>V = 2160x179. 
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By § 81 the presBore at a depth of 80 feet ii 

p-hxq^ 2160 4- 80 X 62J « 7160. 

Call this pressore y and the volume of the air in the diving-bell 
at this depth V. Then by (34>— 

2160x179 54x40x179 



-I 



7160 



40x179 



64, 



Eacamples for Exextise.— 

1. A cubic foot of air weighs 670 grains at a pressure of 16 lbs. 
on the square inch. What will a cubic foot of air weigh at a 
pressure of 16 lbs. on the square inch ? 

2. If the specific gravity of air at the surface of the sea be *001, 
at what depth will the air in a bladder be compressed to the 
density of water, assuming the pressure at a depth of 100 feet to 
be four times the pressure of the atmosphere ? 

91. The Barometer. — ^The pressure of the atmosphere is 
ascertained by the barometer. This instrument is con- 
structed in the following manner : — 

A glass tube AB, about 32 inches long, sealed at one end 
A, is filled with mercury. The end B is 
then closed and placed under the surface of 
some mercury in a vessel, and the tube is 
held in a vertical position. When B is 
opened the mercury in the tube falls a short 
distance, leaving an empty space above, but 
the surface remains about 29 or 30 inches 
higher than that of the mercury in the 
vessel 

The space above the mercury in the baro- 
meter contains a little vapour of mercury, 
but is practically a perfect vacuum. Th^ 
is therefore no pressure on the surface of 
the mercury within the tube, and the pressure at any point 
below is proportional to its depth below this surface. The 
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pressure at the level CD is equal to the pressure of the 

P atmosphere. Thus the pressure of the . atmosphere is pro- 

f\^l portional to the |feight of the mercury in the tube of the 

I barometer. A'barometer may be constructed of any liquid, 

but mercury is nearly always employed on account of its great 

density. If water be employed, since mercury is 13^ times 

as dense as water, the column of water will be \Z\ times 

the length of the column of mercury, that is, about 33 feet. 

At any point above the surface of the earth, the pressure is, 

by § 80, less than that on the surface of the earth, and 

therefore the mercury in the barometer is lower. Thus the 

height of a mountain, or of the ascent of a balloon, may be 

approximately found by means of a barometer. 

Since by Boyle's law the density is proportional to the 
pressure, the atmosphere becomes less dense the farther 
it is removed from the surface of the earth, thus differing 
altogether from the water of the sea, which retains very 
nearly the same density at all depths, although the pressure 
at the lowest depths is very great indeed. 

92. The Syphon. — The syphon is a bent tube open at 
both ends. It is used to bring a liquid from a higher to a 
lower level over an obstacle such as the side of a vessel. 
Let ABC be a bent tube, and let it be fiUed with the 

same liquid as that which is con- 
tained in the vessel to be emptied. 
Let both ends be closed, and one 
end A placed below the surface 
of the liquid in the vessel, the 
end C being outside the vessel 
and also below the surface. 
Let the end A be now opened, 
^ and* let D and E be the points 
where the syphon meets the plane of the surface of the 
liquid. Then, since the pressure is the same at all points 
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in the same horizontal plane^ the pressures within the 
syphon at D and E are each equal to the pressure of the 
atmosphere on the surface of the liquid in the vessel. This 
pressure will support the portion of the liquid DBE, unless 
the height of B above the surface is greater than the height 
of a barometric column of the liquid. 

At the end G the pressure of the liquid within the 
syphon is, by § 81, greater than the pressure at E, and 
therefore greater than the pressure of the atmosphere. 

It follows that when C is opened, the pressure of the 
atmosphere will be unable to sustain the liquid in the tube, 
and it will therefore flow through the tube until the level 
of the liquid in the vessel falls below either A or C. 

93. The Air Pomp. — This is a machine for diminishing 
the quantity of air in a vessel It consists of a cylinder 
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AJB, in which a piston P is moved al- 
ternately up and down a tube leading 
from the cylinder to the vessel V from 
which air is to be removed. In the 
piston P, and at the bottom of the 
cylinder B, there are valves opening 
upwards, that is, apertures which are 
closed, if the pressure of the air above 
them is greater than that below, but 
which immediately open, and allow 
air to pass through them, if the pressure below is greater 
than the pressure above. 

When the piston is pushed down, as in figure 1, the air 
in PB is condensed, and therefore, by Boyle's Law, its 
pressure is increased. The eiSect of this is to close the valve 
at B, and open the valve at P. As the piston descends, 
the air escapes through P, and finally a very small quantity 
of air remains in the cylinder. The piston is now drawn 
up, which causes the air in PB to expand, and therefore to 
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exert less pressare than the outside atmosphere. The valve 
P is therefore closed and that at £ opened. 

As the piston rises the air in Y expands, and fills both 
the vessel and the cylinder. When the motion of the piston 
is reversed, the valve B is immediately closed, and as soon 
as the density of the air in PB exceeds that of the outer 
atmosphere, the valve P is opened (as in figure 1), and the 
process continues as before. In^this way more and more 
air can be removed from Y, but, as only a part of what re- 
mains can be removed by each stroke, we can never, by this 
process, obtain an absolute vacuum. 

In SprengePs air pump the vessel from which air is to be 
taken is placed in communication with the vacuum of a baro- 
metric tube, and the air is removed by a continuous flow of 
mercury from a vessel at the top of the tube. By its use the 
density of air may be reduced to TiyTyirjvu of its ordinary value. 
94. The Oondenser. — If both valves of an air pump are con- 
structed to open downwards instead of upwards, it becomes 

a condenser, an instrument for forcing 
additional air into a vessel When the 
piston is lowered (as in figure 1), the 
air in PB is condensed, the valve P 
is closed, and as soon as the density of 
the air in PB exceeds that of the air 
in Y, the valve B is opened and air 
enters Y. 
When the piston is raised (figure 2), 
the air in PB expands, and its pressure being diminished, 
the valve at B is closed, and as soon as the density of PB is 
less than that of the atmosphere, the valve P is opened and 
air enters the cylinder. The alternate motion of the piston 
is continued, and more air is forced into P with each stroke. 
The efficiency of both the air pump and the condenser is 

increased by making the piston rod work in an air-tight 

122 



tJ 



-lA I- 



t 



-liL 



THE OOHMON FUMP. 



$§ 95, 96 



t! 



A r 



1^ 



t 



^ 



B 






B 



collar and adding a valve at A, as in that case the density 
of the air in PB need only exceed the density of that in 
AP in order to open (or close) the valve at P. 

95. The Oommon Pomp. — This pump (often called the 
Suction Fvmp or tiie Lifting Pump), is 
used for raising water and other liquids. 
Its construction is the same as that of 
the air pump, except that the tube at 
the bottom of the cylinder, instead of 
leading into a closed vessel, dips into 
the liquid to be raised. The working p 
of the pump removes air from this tube. 
The pressure of the atmosphere on the 
surface of the liquid outside causes the 
liquid in the tube to rise, until the - 
weight of the column of liquid in the 
tube, together with the diminished pres- 
sure of air, are equal to the atmospheric pressure. 

Thus water cannot be raised by a common pump higher 
than the column of water in a water barometer (say 32 feet). 
Similarly, mercury cannot be raised more than about 29 
inches. 

When the length of the tube does not exceed this limit, 
the exhaustion of air is continued until the liquid passes 
through B, then through the valve in the piston. Each 
stroke of the piston now raises the water above it, and causes 
it to flow out at A. 

96. The Force Pomp. — ^In the Force Pump a solid piston 
or plunger L is moved alternately up and down within a 
vessel AB, in which there are two valves, one at G opening 
outwards through which the liquid is forced, the other at D 
opening inwards for the admission of the liquid. 

When the plunger is made to descend, the pressure in 
AB is increased, the valve D is closed, and some of the 

123 



S 97 HYDK03TATIC3. 

liquid is forced throngh C ; when the plunger is drawn up, 
the pressure in AB 
is diminished, C 
is closed, and addi- 
tional liquid from 
the reservoir enters 
at D. It is, of 
course, necessary 
that the height of 
D above the liquid 
in the reservoir 
must Bot exceed 
the height of the 
column which can 
he supported by 
the pressure of the atmosphere. 

The fire engine is an example of a double force pump, a 
continuous stream of water being produced by the aid of an 
air chamber. 

97. BramaJi's Press. — This machine is used for exerting 
great pressure. 

It consists of a force pump AB, which drives water 
through C into a vessel W. 
The pressure thus caused 
forces ap a solid cylinder 
F, and the substance to be 
compressed is placed be- 
tweenF and a fixed plate H, 
To find the pressure 
which this machine can 
exert, let us suppose that 
the area of the extremity 
of the plunger L is one 
square inch, and that of 
the extremity of F is 400 
square inches. While the plunger descends the valve C is 
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open, and therefore the pressure is the same at any two 
points in the same horizontal plane throughout the liquid. 

If, therefore, L is pressed downwards with a force of 100 
lbs., the extremity of F will be pressed upwards by a force 
of 100 lbs. on the square inch (the difference of pressure 
due to any difference of level being so small that we may 
disregard it). Thus the whole upward pressure exerted on 
P is 100 X 400 = 40,000 lbs. 

Example for Exercise.— 

Find the pressure exerted by a Bramah's Press in which the 
diameters of the pistons are as 3 to 50, and the applied force is 
72 lbs. 

Examination on Sections 90—97. 

1. Give Boyle's Law. By what other name is it known ? 

2. Assuming Boyle's Law connecting pressure and volume in a 
gas, deduce the relation between pressure and density. 

3. Describe the construction and use of the barometer. 

4. Explain the action of the syphon. 

5. Describe the common air-pump, illustrating its action by 
means of diagrams. 

6. What is the principle of SprengePs air-pump 1 

7. Describe the condenser. 

8. Describe the common pump, showing it cannot raise water 
above a certam height. 

9. Describe the force pump, and Bramah's press. 

(General Examples in Hydrostatics. 

1. If 319 cubic inches of cork weigh as much as 11 cubic 
inches of iron, compare their densities. 

2. The atmospheric pressure being 15 lbs. on the square inch, 
and the weight of a cubic foot of water being 1000 ounces, find 
the pressures exerted on a square inch at the following depths 
below the surface of water : — 

(1) One foot. 

(2) Eighty-five feet. 

(3) Three miles. 
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3. With the data of last qnestioi^ if the density of mercory be 
18^ times that of water, find the pressure on a square foot at the 
following depths below the surface of mercury : — 

(1) One. inch. 

(2) Six feet 

(3) One mile. 

4 Neglecting the pressure of the atmosphere, compeie the 
pressures at a depth of 17 feet under water, and at a depth of 
16 inches under mercury, awniming that their densities are in 
the proportion of 3 to 34. 

6. A vessel, in the form of a cube measuring 3 feet each way, 
18 filled with water ; find — 

(1) The pressure on its base in vacua 

(2) The same in air. 

(3) Whether the vessel, if just strong enough to contain the 

water in vacuo, will be able to contain it when air is 
admitted. 

6. A cubic inch of mercury weighs 8 ounces, and the atmos- 
pheric pressure is 14^ lbs. on the square inch, find the pressure — 

(1) On a square inch 4 inches below the surface of mercury. 

(2) On the base of a vessel of mercury one foot square, the 

mercury being 7 inches deep. 

7. A vessel contains mercury, and over the mercury 10 inches 
depth of water, find, (with the data of examples 2 and 3), to one 
decimal place, the pressures on a square inch at the following 
depths below the surface of the water : — 

(1) Six inches. 

(2) One foot. 

(3) Three feet. 

8. I^d the specific gravities of the following substances, the 
first weight being that of a portion of the substance, the second 
that of an equal volume of water : — 

(1) Qold ; 145 ounces, 7| ounces. 

(2) Diamond ; 5^ grainf , 1^ grains. 

(3) Ether ; 18 drachms, 25 drachms. 

9. A lump of lead weighing 1 lb. 6 oz. (specific gravity 11) is 
Suspended in water by a string. Find the tension of the string. 

10. Find the specific gravities of the following substances^ the 
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first weight being that of a portion weighed in ^ir, the second 
that of the same portion weighed in water : — 

(1) Lead ; 12 lbs., lO^f lbs. 

(2) Brass ; 16} lbs., 14f lbs. 

(3) Ck>pper ; 31| grains, 28 grains. 

(4) Ivory ; 6-08 oz., 2-81 oz. 

11. Find, to two decimal places, the specific gravities of the 
following substances which float in water, the first number being 
the number of cubic inches above, the second that below the 
surface. 

(1) Beech ; 12, 71. 

(2) Pine ; 112, 217. 

(3) Ice ; 62, 713. 

12. A piece of cork floats in water with 40J cubic inches above 
the surface. If the specific gravity of cork be ^, find — 

(1) The whole volume of the cork. 

(2) How many cubic inches would be above the surface if 

the cork were caused to float in mercury («.^. 13^). 

13. The specific gravity of sea-water is 1*026. A piece of 
metal weighing 36*51 lbs., weighs 32*11 lbs. in distilled water. 
What does it weigh in sea-water ? 

14. A piece of gold, weighing 5 lbs. in air and 4*74 in water, 
has the following weights : — 

(1) In sulphuric acid, 4*52. 

(2) In hydrochloric acid, 4*68. 

(3) In alcohol, 4*79. 

Find the specific gravities of these liquids to two decimal 
places. 

15. Find the specific gravity of a body of 16 cubic centimetres 
volume which weighs 100 grammes. 

16. A body, weighing 26 grammes, floats in water with two- 
thirds of its bulk submerged ; find its volume. 

17. A certain body A is observed to fioat in water with half 
its volume submerged, and when attached to another B of twice 
its own volume, the combined mass is just submerged. Find the 
specific gravities of A and K 

18. A piece of platinum weighing 15 lbs. is attached to a piece 
of iron weighinj 10 lbs., and the whole is found to weixrh 1 lb 
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in mercury («^. 13}). The platinum by itself weighs 6 lbs. in 
mercury ; find — 

(1) The specific giavity of platinum. 

(2) „ „ iron. 

(3) The weight in water of the piece of platinum. 

(4) „ „ „ iron. 

19. A body A, whose specific grayity is }, is attached to a 
body B of equal volume, and the two t<^ther just float in 
water ; find the specific gravity of R 

2(). A cubic foot of cork is made to float in water with its top 
horizontal, and the base is then found to be 2*9 inches below the 
surface. Find its specific gravity. 

21. A cubic foot of iron («.^. 7|) floats in mercury («.^. IZi), 
How many cubic inches are above the surface) 

22. A cubic foot of water weighs 1000 oz., and a cubic inch 
of zinc weighs 4 oz. Find the specific gravity of zinc. 

23. A small vessel, exactly filled with distilled water, weighs 
530 grains, a small stone weighing 26 grains is thrown in, and 
an equal bulk of water is thus forced out. The vessel now 
weighs 546 grains. Find the specific gravity of the stone. 

24. A stone of specific gravity 2*5, weighing 5 cwt., is sunk in 
water. What force is required to raise it 1 

25. A body weighs 25 lbs. in air, 20 in water, 21 in alcohol. 
Find the specific gravity — 

(1) of the body. 

(2) of the alcohol 

26. The weight of a cubic inch of mercury being half a lb., 
find the pressure on a square inch at the following depths below 
the surface of the mercury in the tube of a barometer : 

(1) 5 inches. 

(2) 27 inches. 

(3) 31 inches. 

27. If the height of the mercurial barometer be 29*6 inches, 
what is the height of the water barometer ? 

28. A piece of cork (s.g, ^) weighing 1 lb. is attached to 34 
lbs. of lead. The whole weighs 28 lbs. in water. Find the specific 
gravity of the lead. 
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29. A block of iron weighs 4*65 lbs. in air, 4 lbs. in water, and 
3*85 lbs. in oiL Find the specific gravity of the oiL 

30. A piece of wood weighs 6 lbs. A block of lead weighing 
17 lbs. is attached to it, and the whole mass weighs 14 lbs. in 
water. Find the specific gravity of the wood, that of the lead 
being 11|.. 

31. A cylindrical cork floats in water with one inch above the 
sorf ace and -^ of an inch below. What is its specific gravity ? 

32. A piece of oak {s,g. *74) of 32 cubic inches floats in water. 
How much water does it displace ? 

33. If the weight of a cubic inch of mercury be 7{ oz., what is 
the pressure of the air on a square inch, when the barometer 
stands at 29^ inches ? 

34. Two bodies, which weigh 9 lbs. and 10 lbs. in air, weigh 
each 4 lbs. in water, compare their densities. 

35. A piece of silver weighing 1 lb. appears to lose *095 lb. 
weight when surrounded by water. Find its specific gravity, to 
two decimal places. 

36. An ice-berg floats with 1000 cubic feet above the surface 
of the sea. Find its volume, ajanTning its specific gravity to be 
'925, and that of the sea 1*025. 

37. A mercurial barometer is constructed under 27 feet of 
water. How high will the mercury stand in it when the reading 
of a barometer at the surface is 29 inches ? 

38. A barometer in which a little air has got into the upper 
part is found to record 28 inches when it should record 30. If 
the volume of the space above the mercury be 7^ cubic inches, 
what would be the volume of the air within it at the atmospheric 
pressure) 

39. In a Bramah's press the piston of the force pump is pressed 
down by means of a lever, the length from the fulcrum to the 
end of the piston-rod being 3 inches, and from the fulcrum to the 
hand 21 inches. The diameter of the small piston is 1 inch, that 
of the large piston 8 inches. How many tons will the machine 
raise if a force of 20 lb& be applied to the handle of the lever 1 

40. A man finds that he can just float in fresh water (a cubic 
foot of which weighs 1000 oz.), and that his body displaces 3 
cubic feet of water ; — 
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(1) How many cabic feet would he displaoe when floating 

in sea water of specific gravity 1*026 ? 

(2) What weight could he now bear (dear of the water), so 

as again to have his whole body just immersed ? 

41. AsHnining the specific gravity of mercury to be 13*566, 
find the height of a barometer formed of a h'quid whose specific 
gravity is 1*6, the height of the merc&rial barometer being 30 
inches. 

42. If the diameter of the smaller piston of a Bramah's press 
be diminished one-half, what effect is produced cm the magnitude 
of the force which the engine is capable of exerting 1 

43. The diameter of the two cylinders of a hydraulic press are 
25 inches and 1 inch respectively, the mechanical advantage of 
the lever employed is 14 ; calculate the mechanical advantage of 
the press. 
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TJNIVEBSITY OF CAMBBIDGE. 
General Ezaminatioii for the Ordinary B.A. Degree, 

Mechardcs omi Hydrostatics^ 

1. Show that forces may be represented in magnitude and 
direction by straight lines, and give one illustration. 

2. Find the magnitude and line of direction of the resultant of 
two parallel forces acting in the same direction, and deduce from 
your results the corresponding proposition when the forces act in 
opposite directiona 

3. (1) Determine the force which, acting parallel to an inclined 

plane, will just support a given weight placed upon 
it* Find also the pressure on the plane. 
(2) Two weights W and 2W are in equilibrium when con- 
nected by a string passing over the common vertex 
of two Inclined planes. Given the inclination of the 
plane on whidh W rests, show how the inclination of 
the other plane may be determined by a geometrical 
construction. 

4. What is meant by the moment of a force about a point 1 
Show how a moment may be represented geometrically. 

6. Find the ratio of the power to the weight in that system of 
pulleys in which each string is attached to the weight. 

& (1) Define the term centre of gravity ; and find tfi ftt- of a 
uniform straij^t rod. 
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(2) A pencil rests on a table with five-twelfths of its length 
projecting beyond the edge. A beetle, whose weight 
is one-fourth of that of the pencil, crawls along it. 
How far may it crawl without upsetting it ? 

7. (1) Describe the common balance, stating the requisites of 

a good balance, and how they are obtained. 
(2) Kow may the true weight of a body be found with a 
balance in which the arms are unequal ? 

8. Define a fluid, and distinguish between a liquid and a gas. 

9. Show that the surface of a liquid at rest is a horizontal 
plane. 

10. A cylinder open at the top is inverted and immersed ver- 
tically in water, find the depth of the vessel under water when 
halffuU. 

11. (1) Define specific gravity, and show how to determine 

the specific gravity of a solid body by means of the 
hydrostatic balance, the specific gravity of the solid 
being greater than that of the liquid in which it is 
weighed. 
(2) A ball of gutta percha, 2 inches in diameter, encloses a 
ball of coik 1 inch in diameter, and floats in water. 
Specific gravity of gutta percha is *98, of cork *24. 
Find what proportion of the volume of the ball will 
float above the surface of the water. 

12. Describe the common barometer. If the tube be not ex- 
actly vertical, will the indications of the instrument be incorrect? 



II. 

TJNIVEBSITY OF OXFOBD. 
Second Public Examination—Pass SchooL 

Elements of Mechanics, 

1. (1) Explain how uniform velocities are measured. 

(2) Two men, A and B, run a race, the former having a 
start of a yards. If the speed of B be to that of A as 
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3 to 2, find how many yards A will have ran when B 
overtakes him. 

2. Enunciate and prove the principle of the parallelogram of 
forces. 

3. (1) How is the parallelogram of forces verified by experi- 

ment? 
(2) At what angle must two forces, o^ - 5^, 2ab act so that 
their resultant may be a* + ft* ? 

4. Find the magnitude of the resultant of two forces of 13 and 
35 lbs., when the angle between their directions is 60^. 

5. (1) Define the moment of a force about a point. 

(2) Prove that the moments of two component forces about 
any point situated upon the direction of their resultant 
are equal 

6. Find the velocity which a heavy body will acquire by falling 
freely through a height of 3^V ^^^ (9 = 32*2). 

7. (1) Enunciate Newton's laws of motion. 

(2) Two bodies start together from the same point, and 
move uniformly in directions at right angles to each 
other; one body moves at the rate of 2m feet per 
second, and at the end of t seconds the distance be- 
tween them is (1 + m^t feet ; find the velocity of the 
other body. 

8. (1) Define specific gravity, and show how to find the specific 

gravity of a mixture of two fluids. 
(2) Equal volumes of two fluids, whose specific gravities 
are 1 and 1*7, contract when mixed by one-tenth of 
their original volume. Find the specific gravity of 
the mixture. 

9. Explain the action of a syphon, and of a force pump. 

10. (1) Explain the principle and construction of the hydro- 

static press. 
(2) If the diameters of the pistons or plungers be 1 and 9 
inches, if the lever be jointed to the rod of the smaller 
plunger at 6 inches distance from the lever's fulcrum, 
and if the workman press on the lever with the 
weight of his body, 140 lbs., applied at 32 inches dis- 
tance from the fulcrum, find the pressure in tons with 
which the larger plunger is forced upwards. 
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TTKTVEBSITY OP EDU^BTTBGH. 
Hedical Degree— Preliminary EzaminatioiL. 

Elements of Dynamics (Mechanics). 

Kinematics. 

1. (1) Define uniform velocity. 

(2) A railway train, moving uniformly, travels 37^ miles 
in an hour. Find its velocity in feet per second. 

2. A body falls from rest, what is its velocity, after falling for 

two seconds and a half, and what distance will it fall in that 

time? 

Kinetics. 

3. (1) Define mass and momentum. 

(2) A cricket ball weighs 6 ounces, and is moving with a 
velocity of 40 feet per second. Compare its momentimi 
with that of a cannon ball which weighs 20 lbs., but 
is moving with a velocity of 18 feet per second. 

4. Enunciate the second law of motion. Show that it enables 
us to investigate the motion of a falling body. 

5. Find the resultant of the following forces : — 5 northwards, 
5 eastwards, 1 westwards, and 2 southwards. 

Statics. 

6. Parallel forces of 4 and 6 pounds act in the same directions 
at two points, A and B, in a body. Find at wha^ point in AB a 
single force must act to maintain equilibriuuL 

7. State the three kinds of equilibrium, and give an example 
of each. 

8. A horizontal force of 5 lbs. supports a weight of 12 lbs. on 
an inclined plane. Find the pressure on the plane. 

ffydrostatics, 

9. (1) Define a fluid. 

(2) What is the law of pressure at different depths below 
the surface of a liquid ? 
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10. The specific gravity of lead is 11. What is the real weight 
of a mass of lead which, when suspended in water, seems to weigh 
lib? 



IV. 

UNIVEBSITT OF LONDON. 

ICatrionlatioiL EzamiiLatioiL 

Nahmil Philosophy. 

1. (1) State the parallelogram of forces. Explain the meaning 

of the terms employed in your statement. 
(2) Apply it to show that if four forces acting on a point 
be represented by the sides of a rectangle taken in 
order, they will be in equilibrium. 

2. (1) Explain the meaning of the words composition and re- 

solution of forces, and show how forces may be com- 
pounded and resolved. 
(2) A particle is acted upon by a force whose magnitude is 
unknown, and whose direction makes an angle of 60° 
with the horizon. The horizontal component of the 
force is known to be 1*36. Determine the total force 
and also its vertical component. 

3. A substance is weighed from both arms of an unequal 
balance, and its apparent weights are 9 lbs. and 4 lbs. Find the 
ratio between the anus. 

4. A balloon is carried along by a current of air moving from 
east to west at the rate of 60 miles an hour, having no motion of 
its own through the air, and a feather is dropped from the balloon. 
What sort of a path will it appear to describe as seen by a man 
in the balloon ? 

5. Suppose that at the equator a straight hoUow tube were 
thrust vertically down towards the centre of the earth, and that 
a heavy body were dropped through the centre of such a tube. 
It would soon strike one side. Find which, giving a reason for 
your reply. 
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6. A body w^ghs in air 80 grams, in water 56 grains, and in 
another liquid 46 grains. Find the specific gravity of this liquid. 

7. What becomes of the weight which the body, in the last 
question, appears to lose ? 

8. A cylindrical bell 4 feet deep, whose oontent^is 20 cubic feet, 
is lowered into water until its top is 14 feet below the surface of 
the water, and air is forced into it until it is three-quarters full. 
What volume would the air occupy under the atmospheric pres- 
sure — ^the water barometer being at 34 feet ? 

State the principles in which your answer is based. 
[Thii Examination aUo eontains QuettioM in Optics.'] 



V. 
UNIVBBSITY OF GLASQOW. 

Preliminary Medical Examination. 

Elements of Mechanics. 

1. (1) Explain how a force may be represented by a straight 
line. 
(3) Two forces of 30 and 40 lb& respectively act upon a 
particle in directions at right angles to each other, find 
the magnitude of their resultant in pounds. 
2.(1) What is a "lever ''I 

(2) Distinguish the three kinds of simple levers, and point 
out (with reasons), to which class belongs a pair of 
nutcrackers, a pair of tongs, a pair of scissors. 

3. (1) Explain the terms " velocity," " acceleration ;" and when 

the acceleration is constant what is the connection be- 
tween it and velocity ] 
(2) A body under a constant acceleration moves from rest 
over 10 feet in the first second, how far has it moved 
at tlie end of the second second 1 

4. Find the ratio of the power to the weight in a system of 
pulleys, in which each pulley hangs by a separate string. 
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5. When a cannon is fired, explain carefully what takes place. 
If the cannon be free to move, find its velocity on being fired, 
Supposing it to weigh 200 lbs., the bullet weighing 5 lbs., and 
being projected horizontally with a velocity of a mile in five 
seconds. 



VI. 

XJNIVISBSITY OF CAMBItlDQE. 
Local ExaminatLon. 

Mechanics. 

1. (1) Show how a straight line may be made to represent the 

several elements which completely determine a force. 
(2) Three forces, of 3, 7, and 10 lbs. respectively, are in 
equilibrium at a point. How are they directed 1 

2. (1) Enunciate the proposition known as the parallelogram 

of forces. 
(2) The resultant of two forces acting at an angle of 120^ is 
perpendicular to the smaller component. The greater 
component is a force of 100 lbs. Find the other com- 
ponent and the resultant. 

3. A heavy rod hangs vertically and is free to turn about its 
upper end. A horizontal force equal to half the weight of the 
rod is applied at the lower end. Find the inclination to the 
horizon when there is equilibrium. 

4. (1) Find the resultant in magnitude and direction of two 

parallel forces acting in the same direction. 
(2) Weights of 6, 8, and 10 lbs. respectively, are placed on 
the middle points of the edges of a triangular table. 
Find how much the pressures on each of the three 
legs are increased thereby. 

5. (1) Define the " centre of gravity " of a body, and find that 

of a plane triangular area. 
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(2) Weights of 1, S, 3, 4 lbs. respectively, are attached to 
the oomeiB of a light square frame. Determine the 
point by which the frame mi^r be suspended in any 
position. 

6. (1) Find the relation of the power to the weight in the 

wheel and axle. 
(2) Find the radius of the axle when a weight of 16 lbs. 
just balances a weight of 1 cwt., the radius of the 
wheel being 21 inches. 

7. A horse, in drawing a load up a steep hill, takes a zigzag 
course, and a man going down the same on horseback leans back- 
ward ; explain the advantage in each case. 
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CHAPTEE I.— PRELIMINABY. 
EzaminatioiL on Chapter I. 

[The Answers to the Examination Questions will all be found 
in the text of the book. The form of the question has been 
occasionally changed in order to prepare the Student for the 
various ways in which the same question may be set by di£ferent 
examiners.] 



CHAPTEE II.— KINEMATICS. 
Examples for Exercise. 

2 X 1760 X 3 

^* flTlTeo ^ ^^** 

2. The former velocity is 26^, the latter is 27 and therefore 
the greater. 

3. 1118 feet = distance travelled in 1 sec. 



• • 1 w ~ w » n \\\Q ^^' 



1^ 

LI 
43x1760x3 



.-. 43x1760x3 ft = „ „ -— = 203tV sec. 

lllo 

§5. 

1. « = 100x60x60 ft. = 360,000 ft. = 68^*7 miles. 
1611460X1760X3 

^- ^ "^ 27X24X60X60 ^ ^^^^' 
h 

§7. 

1. 48-3. 

2. Find the average velocity for the last two seconds. 64*4. 
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« ~ ^ + ^ - <x + ^a • 

§ 11. 

1. It is conyenient to take a mile an hour as the unit of 
velocity in this example. 

Velocity up stream « 8 - 2 = 6 miles an hour. 
„ down „ = 8 + 2 = 10 „ „ 

2. Take one foot a minute as the unit of velocity. 

,.,,,, 12x1760x3 
Vj^ = velocity of sledce = « 44. 

v^ = velocity of floe = 45. 

.\ t; = 44 - 45 = - 1. 
Or the sledge moves southward at the average rate of one foot 
per minute. 

3. Let v^ = velocity of steamer in miles per hour. 

v^= „ river 

Then we obtain the simultaneous equations — 

t;^ + v, = 15, 

v^ - v^ = 11. 
Solving these we find i^^ = 13 , t?a = 2. 

§ U. 

1. Drawing the velocities AB, BC, CD, DE, 
we obtain the resultant AE = 5. 

The student will observe that two of the 
velocities intersect, hence the figure is not 
strictly speaking a polygon. Nevertheless 
the proof in § 14 includes such cases. 

2. Drawing the velocities AB, BC, CD, we 
obtain the resultant AD. Jt is a little 
greater than If. The advanced student will 
be able to prove geometrically that AD = 
V3, and the angle DAB = 150°. 
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§ 15. 

1. V* =v^*+ 1;,« = 169 .-. V = 13. 

2. V* = (10-5)« H- (3-6)« = 123-21. .'. v = ll'l. 

3. Sinoe the stream is 972 feet broad, and the man swims 
across 3*6 feet in each second, he will arrive at the other side in 
t seconds if — 

972 

and during that time he will have been carried down 270x10*5 
^ 2835 feet 

§ 17. 

1. In figure 1, let AB = 7 , BC = 8. Then BE = 4. 
.-. AC« = 49+64+2x4x7 = 169. .*. AC = 13. 

2. In figure 2, let AB = 5 , BC = 8. Then BE » 4. 
AC« = 25+64 - 2x4x5=49. .*. AC = 7. 

3. (1) \/2+V3, (2) \/2Hh72, (3) \/2-V3- 

§ 18. 

1. AN is the component required, and 
is equal to 2, since BAN is the half of an 
equilateral triangle. 

2. Taking the figure in § 18, let the angle 
CAB = 45**. Then AC« = AB« + BC« « 

"2 AB«. 

••. AB = -4rAC, and if AC - 3^2, AB = 3. 

V2 

§ 20. 

1. Prom any point A draw AB, AC to re- 
present the velocities at P and Q, com- 
plete the AABC. The third side BC is 
the change in velocity, and is equal to 
one. Its direction makes an angle of 120° V / 
with that of the first velocity. ^**— ^ 

2. In the same way we find the change of velocity «s V2 in a 
direction at an angle of 135° to the first velocity. 
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§ 22. 



1. t; = 13, « = 120. 

2. t = 6,v — 50. 

3. « « 2093, V « 370-3. 



§ 23. 



1. (1) 84J feet 
(2)7. 

(3) In 5^ seconds. 

(4) 42| feet. 

(6) ^ = - 8, « = 32. 

(6) In lOJ seconds, i? = - 16. 

2. (1) 1^ =a F - ^ =3 7?^ - w^r = 0. 

(2) « = F/ - i5f«« = «»^ - in^g = Jw^^f. 

(3) Putting ^ = 2n, « = 2w*^ - 2n"^ = 0. 

(4) „ ^ « 2w, «? « ngr - 2w^ s=s ^ ng. 



General Examples in Einematios. 

1. (1) 17*. (2) 152J. (3) „W (4) tV (6) 9^- W 15. 
(7) 50. (8) -J^, (9) 976800000. (10) 1. 

2. (1) 15. (2) 81t»t. (3) 765. (4) 915. (5) 68925. 

3. (1) 5. (2) 27V*T. (3) 253. (4) 305. (5) 22975. 

4. (1) 2-2. (2) 12. (3) 112-2. (4) 134-2. (5) 10109. 

MDi. Wj^ (3)^ (4)^ Wj^ 

(6) elz^L - «-6. 

7. (1) ar. (2) -?^ (3) 1. (4) ^. 

8; (1) 4^ (2) 3*. 
9. (1) 5A. (2) 3f 

10. One tenth of a second, 

11. 36 miles. 

142 



EINEliATICS. 

12. (1) 27 forwards. (2) 23 backwards. (3) 2 forwards. (4) 
6 backwards. (5) 2h forwards. (6) 6x* backwards. 

13. Ifl hours a 1 hour 65 min. 47xV sec, 

14. 9^\ miles « 9 miles 2160 feet. 
16. 126:88. 

16. (1) 10. (2) 11 (3) 17. (4) 5^^x. (6) 29. (6) Solv- 
ing the simultaneous equations, we get v^ =^ 12, v^ = 5. Hence 
V = 13. (7) v^ = i(a* -6«), «;, = oft ; t; =« i(a^+b*). 

17. The answers found by measurement are approximately : — 

(1) 6}. (2) 6i. (3) 4*. (4) 4J. (6) 7*. 

18. (1) 19. (2) If (3) 3j:«+3x+1. 

19. (1) 19. (2) 9i. (3) x^-i-x+l. 

20. (1) 1. (2) 7. 

21. (1) 1. (2) V8 = 2V2. (3) \/l49. 

22. 1300. 

23. 17| feet per second. 

24. 29 miles. 

26. This is the converse of § 16. 

26. 120°. 

27. 13. 

28. 6. 

29. (1) 1 norl^L (2) 9 south. (3) 1 north. (4) V2 south- 
west. 

30. The third side of the triangle. 

31. (1) 10. (2) 20. (3) 48. 

32. V27 = 3V3. 

33. (1) 10. (2) 30 feet. (3) 2. 

34. (1) 19. (2) llf (3) 116 feet 

36. (1) 16 feet (2) 48 feet (3) 176. (4) 484 feet. 

36. (1) 6Jflf. (2) 18g feet. 

37. (1) 6^ » 161. (2) 12^^ « 402*5 feet (3) ng - 32*2n. 
(4) in^g «■ 16'ln*. (5) 4 seconds. (6) 6 seconds. 

38. (1) 8. (2) 18^. (3) 129^. (4.) In 9} seconds. (6) 
140} feet 

39. (1) After n - r seo. t>« V - gt^ng - (n-r)flr «■ rg, 

(2) iwrnVt-^ igfiy which reduces to J(n« - r •)^ whether we 
Bubrtiitate for t the Talue n-^r or n^r» 
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CHAPTER III.— KINETICS. 

Examples for Exercise. 

§25. 

4 X 1000 

100 ~ 

2. The whole momentum is 72. 

.*. The momentum of each part is 24. 

24 24 

.'. The velocities are 24, -—, and — , or 24, 12, and 8. 

2 o 

§26. 

1. Momentum generated in two seconds =s 5 x 13 » 65. 
.*. Momentum generated in one second = 32}. 

•*. Force required = 32}. 

2. Momentum is here increased from 32 to 80. 
•*. Momentum generated = 48. 

.*. A force 6 will generate this momentum in 8 seconds. 

§27. 

Here a weight of 196 lbs. has to be raised 3000 feet 
.•. Work — 196 X 3000 — 688,000 foot-pounds. 

§36. 

Let V = velocity generated in one second in either mass. 

Then /, - 12«; = 8. 

8 2 
.-. p = — = -^ and/j=,9v = 6. 

§38. 

1. 9m?B9n^»2318'4 
«« 4^ =6216-4. 

2. «= Vt-^kgfi. 

.-. 1000 = 2F+ i X 32-2 X 4 = 27+ 64*4. 
.-. V « 467-8. 

The force is measured by the initial momentum — 

mF= i X 467-8 - 58-6.» 

* Since the value of g Taries at different heights in any one place, the 
valne 82*2 is only approximate; and, in all calculations founded on that 
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3. To find the time of falling — 

^ g 32-2 

.-. t = v/347"= 6-9. 

To find the time the sound of the splash takes to reach the ear, 
we employ formula (3) of uniform velocity {See § 6) — 

* 669 , 

Time required = 6-9 + '6 = 6'4. 

§39. 

From(19)« = F/-4 5^. 
when « = 0, Vt-kgt^^ 0. 

.*. F-J<^ = 0. 

.-. F = 4^ = 4x 32-2 X 4 = 64-4 
Substituting this value for Y, when ^ » 1, « = 48'3 ; ^ = 2, 
< = 64-4 ; ^ = 3, « = 48-3. 

§*1. 

1. By § 13 the resultant velocity is zero. Therefore the forces 
are in equilibrium. {ErraJtum, — In the question, for produce 
read be in.) 

2. By § 17— 

/« = (3i)« 4- 4* + 2 X 34 X 2, 

169 
= 124 H- 16 + 14 = 424 = — r— 

4 

3. Here the angle between the two directions is 60^. The 
figure is the same as that in the answer to Example 1, § 18. 

AB = 12 .•. AN the resolved force is 6. 

value, it is best to omit all figures beyond the first decimal place. In the 
present case the result of dividing gives 58'475| and as this number is 
nearer in value to 68*6 than to 68 '4, it is better to write the former as the 
approximate answer. The answers to subsequent questions are formed on 
this principle. 
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§43. 
Here M= 10, F=- 14, w = f .•.»=» 1120. 

General Examples in Kinetics. 

1. (1) 178. (2) 0. 

2. 1500. 

3. 5 seconds. 

4. 672,000 foot-poTinds. 

5. No work is done against gravity. 

6. The momentum generated by the weight of one ounce in 
one second is yV 9' . * . wv = -jV 9- • 

Butm = 2. .'. t? — A^ = l. 

7. « = 402-5, V = 161. 

8. 742-4 feet. 

9. 2*5 seconds. 
• 10. 197-2 feet. 

11. 680-2 feet. 

12. 35 seconds, 19722*5 feet. 

13. The expression "a force of two pounds" is not strictly 
correct, but must be considered to mean " a force equal to the 
weight of two pounds," that is, a force of 2^ or 64*4. (See § 26.) 

Thus the momentum generated in a second is 2^, and therefore 

the mass of 10 lbs. receives a velocity of -^ = 6*4. 

14. 16-1. 

15. 402-5 feet. 

16. 161 ; 4024 feet. (Compare Example 7.) 

17. After 2 seconds at a height of 95*6 feet. 
After 4 „ „ 62*4 „ 

After 6 „ 99*6 feet below the point of projection. 

18. 24-6. 

19. (1) 6-2 seconds. 

(2) Since the momentum is the same as in the last case, 
the initial velocity wiU be 200 feet. Answer, 12*4 seconds. 

20. 983-9 feet. 

21. Complete the parallelogram ABDC, and produce the 
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« 
diagonal DA its own length (backwards) to E. AE is the line 

required, and makes an angle of 165^ with AB. 

22. The resultant force is 6. 

23. 6. 

24. 10V2 or 14'14 approximately. Direction NE. 

25. 13 lbs. 

26. 7-8125 or 7iJ. 

27. 5. 

28. Since action and reaction are equal and opposite the 
momentum given to one part forwards is equal to that given to 
the other part backwards. Thus the whole momentum is un- 
changed^ and is equal to that of the two parts. 

. •. mi? = 12 X 700 + 20 X 380 « 16,000. 

29. The whole momentum is unchanged, and since one part is 
reduced to rest, the other part moves on with the original 
momentum of the shell = 20 X 600 = 12,000. 

30. The two equal parts receive equal and opposite changes of 
momentum, and therefore of velocity. The change of velocity 
given to the first part is 40, therefore that given to the second 
is - 40. Its new velocity is therefore 80 - 40 = 40. 

31. 72 lbs. 

32. 43 lbs. 

33. The formula s =: ^ gft gives us ^ = —,.'.«; = ^ = 14.* 

23 

34. (1) 73. 

(2) V (a* + 6«). 

(3) a« + 6«. 

35. Substituting in equations (11) and (12), § 23, we get 

= 10 - a<, 
10 = 10^-4 o«*. 

Putting t ^ — in the second equation, we find a » 5. 
a 

The force required is therefore a force which in one second 

* If in the formula t ss ^gt^, we substitute for t the value — obtained 

from the formula v gt, we obtain the equation v* =t 2gtf by which such 
questioDB as tlds may be directly solred. 
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generates a velocity of 5 in the body ; or if m be the masa of the 
body, the force is 6m. 

36. It follows from the parallelogram of forces that the 
resultant of two forces is greatest when they act in the same 
direction along the same straight line^ and least when in opposite 
directiona 

.-. Fi+F, = 12. 
Fi - F. = 6. 
from which we get F, = 9, F, = 3. 

37. Forming the triangle of forces, we find that it is half an 
equilateral triangle, and the angle at which P and Q act is its 
exterior angle = 160^. 

38. This follows from the fact that the angle in a semicircle is 
a right angle. 



CHAPTER IV.— STATICS. 

Examples for Exercise. 
§45. 

1. The triangle of forces is equilateral. Its exterior angles 
are each 120°. 

2. The tensions of the strings and the weight form 3 forces in 
equilibrium. Their directions are at 120° to each other. There- 
fore the 3 forces are equal (Compare last example.) 

3. Any two sides of a triangle are greater than the third. 

§49. 

1. 12 lbs., 10 inches from greater weight. 

2. 12 lbs., 5 inches from the greater force. 

3. If they are not parallel two of them meet in a point, and 
the third must, to be in equilibrium, pass through that point. 

§60. 

1. A force 3, 14 inches beyond the greater force. 

2. A force 3, 8 inches beyond the greater force. 
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§63. 

Let ABCD be the square, the weights of 1 and 3 lbs. are 
equivalent to a weight of 4 lbs. acting at E in AB, EB = ^ AB, 
the weights of 9 and 3 lbs. are equivalent to a weight of 12 lbs. 
at a point F in CD, CF = i CD. Join EF, the centre of gravity 
of 4 lbs. at E and 12 lbs. at F is G in EF, FG = i EF. 

§55. 

The perpendicular drawn from the centre of gravity must fall 
within the base. 

§67. 

1. Moment of force at A = 0, since perpendicular = 0. 

„ „ B = 2x j^of 10=,6f. 

„ „ C = 3xf of 10 = 20. 

„ „ D = 4 X 10 = 40. 

2. Let AB, AD be the forces, and let E be any point in their 
resultant. Then the moment of AB about E is twice the triangle 
ABE, and is therefore equal to the parallelogram on AB, as base, 
formed by drawing a parallel to AB through E. Similarly the 
moment of AD about E is equal to the parallelogram on AD as 
base, formed by drawing a parallel to AD through E. These 
two parallelograms are easily proved to be equal by the help of 
Euclid I., 43. 

General Examples in Statics. 

1. (1) E = 17 ; (2) Q = 8 ; (3) E = 10 ; (4) Q = 7. 

2. In the triangle of forces the angle opposite P is the greatest, 
and that opposite E is the least But the angles mentioned in the 
question are the exterior angles of the triangle. 

3. An equal force. (See Examples § 45.) 

4. Six inches from the greater weight. 

6. (1) E = 9 lbs., AC - 8 in. ; (2) E = 11 lbs., AC = 1 ft. ; 
(3) E »20 lb&, AC » 2 in. 
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6. (1) R = 5 Iba, AC = 2 ft. ; (2) R = 2 lbs., AC = 3 ft. ; 

(3) R = 10 lbs., AC = - 1 ft 

7. A bears 120 lbs., B bears 80 lbs. 

8. Half an inch. 

9. One third along the line drawn from the centre of the square 
to bisect the middle rod. 

10. Ten inches from the extremity on which the weight is 
placed. 

11. Three inches from A. 

12. Nine inches from A. 

13. The middle point of the axis of the hat. 

14. Since the diagonals bisect each other, each diagonal con- 
tains the centres of gravity of the two triangles into which the 
other divides the parallelogram. Therefore the centre of gravity 
of the whole parallelogram lies in each diagonal. It can there- 
fore only be their point of intersection. 

15. In the wire parallelogram the centre of gravity of either 
pair of parallel sides is the point O found in § 52 (2). 

16. Each has been shown to pass through the centre of 
gravity. 

17. (1) In a quadrilateral, the centre of giuvity of the whole 

is in the line joining the centres of gravity of the two 
triangles into which it is divided. But this may be 
done in two ways. Thus we obtain two lines, each 
of which contains the centre of gravity. Therefore 
the centre of gravity is at their intersection. 
(2) Any rectilineal figure may be divided into triangles. 
Find the centre of gravily of each triangle,' and con- 
ceive a heavy particle equal to its mass placed at that 
point. Then find the centre of gravity of the system 
of heavy partides. § 53 (5). 

18. The centre of gravity of the loaded table must be vertically 
over a point within the area formed by joining the extremities 
of the legs of the table. 

19. The first moment is represented by twice the area of the 
A ABC, the second by twice the A ABD. 

20. Each of these moments is represented by the area of the 
square. 
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21. (1) For simplicity let P aet at right angles to AB. 

By (23) P X AC = Q X BC. Add to each side P x BC, 
and we get P X AB == Ex BC. 
(2) Let D be a point in AB produced. 

Then (P x Q) x BD = R x BD. Add these quantities 
to each side of the equation obtained above and we 
have — 

P X AD + Q X BD = R X CD. 

22. Take the figure of § 41, and let O be a point in the plane, 
and first let O be above AB and to the left of AD. 

Then OAC + ABC = OAB -f OBC. 

and OBC = OAD + ABC (see § 53, footnote). 
.-. OAC = OAB + OAD. 
.*. Moment of AC = moment of AB + moment of AD. 
In a similar way the proposition is proved for any other posi- 
tion of O. It is important to observe that when the forces tend 
to turn the body in different directions about O, the algebraical 
sum of the moments is the difference of the figures which repre- 
sent the moments. 

23. The diameter drawn through any angular point, bisects 
the figure, and therefore by symmetry contains the centre of 
gravity. Compare § 63 (4). 

24. The diameter drawn through any bead must pass through 
the centre of gravity, which must therefore be the centre of the 
circle. 

25. (1) Stable ; (2) stable in one direction, unstable in another ; 
(3) unstable ; (4) neutral ; (5) stable ; (6) stable ; (7) neutral in 
one direction, unstable in another. 



CHAPTER v.— MACHINES. 

izamples for Exercise. 
§60. 

1. If the 3 lb. weight is at A, AC » | AB. 

2. 3i lbs. * 

3. AC » 4 in. 
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§62. 
W» - PQ = 8 X 12J - 100. .*. W = 10 Ibe. 

§64. 
Here P is eOO lbs , AC = 6, BC = 1. .'. W = 3600 Its. 

§66. 
W = 2»P = 2«x3 = 32x3 = 96ll». 

§67.' 

The diagram resembles the first figure of § 67, but has 3 pul- 
leys in each bloc^. 

§68. 
W = 62 = (2«- 1) P = 31P. .*. P = 2 lbs. 

§70. 

1. To find the height of the plane we have 

BC = VAB2 - AC2 = 5 ft. 

If, therefore, 5 ft represents 5 lb& 
13 ft „ 13 lbs. 

2. Length of plane = ^12* + 35* = 37. 

Thus 37 represents 74 cwt. 

12 „ 24 cwt. = 1 ton 4 cwt. = P. 

36 „ 70 cwt. = 3 tons 10 cwt. = R 



§71. 



Here the height is V25« - 24* = 7. 
Thus 7 represents 14 lb& 
.-.24 „ 48 lbs! 
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§73. 

1. Since F = /14R, we liave 10 = m&O, 

3 BC 

2. u = — = — 
^ 4 AC 



= 12 = J_ 
'^ 80 8 



K, then, BC = 3, AC = 4, and AB = V3*+4«"= 5. 
But AB is 10 inches. 
. ' . BC is 6 inchea 

§74. 

(1) In^ the lever the points A and B describe arcs of circles, 
.whose radii are AC and BC. Since the arcs are proportional to 
their radii, if we take irAC to represent the arc described by A, 
irBC will be the arc described by B, and since by (23) 

P X AC = W X BC, 
.-. P X MC = W X ifcBC. 

Or the work done by P is equal to that done against W. 

(2) If, in the figure of § 66, P be raised 1 foot, the strings DA 
and AP will each be shortened J a foot^ and A will be raised 
i a foot. Similarly if A be raised ^ a foot, B will be raised i of 
a foot, and C, | of a foot. 

Thus the path of P is 8 times that of W, or if Ir represent Ps 
path, 2' k represents Ws. 

Now W = 23 P, 

.-. itW = 2* itP. 

Or the work done by P is equal to that done against W. 
The theorem is proved similarly for any nimiber of pulleys. 

(3) This follows directly from (1). 

General Examples in Machines. 

Thb Lever. 

1. (1) AC = lft. IJin. (2)AC = 4iin. (3) AC = 2 in. 

2. 21b& 

3. 60Z. 
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4. 1 ft. 2^ in. from the fulcrum. 
6. 3 lbs. 

6. (1) A 120 lbs., B 80 lbs. (2) A 275 lbs., B 75 lbs. (3) A 

180 lbs., B 120 lbs. 

7. 3J lbs. 

8. 6 feet. 

9. If the force of 5 lbs. act at A, and that of 6 lbs. at B, then 
the fulcrum is at C. 

(1) AC = 3 in. C is between A and B. 

(2) AC = 33 in. B is between A and C. 

10. 40 lbs. and 35 lbs. Begard each peg in turn as the fulcrum. 

11. 15 lbs. 

12. 7 lbs. 

13. i a lb. 

14. Let X be the weight of the rod, y the distance of its centre 
of gravity from the first position of the fulcrum. Then we have — 

3 X 4 = ^ X y, 

5 X 3 = ^ (y + 1). 

Subtracting the first equation from the second, we get ^ «= 3 
lbs., and therefore y = 4 ft. Thus the rod weighs 3 lbs., and is 
16 feet long. 

The Balance. 

15. 5 lbs. 

16. 5 lbs. 1 oz. and 6 lbs. 4 oz. 

17. 13 to 12. 

18. (1) 5 lbs. 1 oz. (2) 9 to 8. 



The Wheel and Axle. 



19. 15 lbs. 

20. 50 lbs. 

21. 6480 lbs. 



Pullets. 



22. The first system with 2 pulleys, and the second system with 
4 pulleys. 

23. The second system with 7 pulleys, and the third system 
with 3 pullevs. Observe that in the second system c^ pulleys 
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MACHINES. 

the number of sheaves in the fixed block is either equal to that 
in the moveable block or exceeds it by one. 

24. 2 lbs. 

25. 4 pulleys in each block. 

26. See figure of § 66. Tension of AD is 10 lbs. .-. Weight 
of A + tension of ABE = 20 lbs. .*. Tension of ABE = 19 lbs. 
.'. Weight of B + tension of BCE = 38 lbs. .'. Tension of 
BCE = 37 lbs. .-. Weight of C + W = 74 lbs. .'. W =^ 73 lbs. 

27. Weight of block + W = 60 lbs. .*. W = 57 lbs. 

28. See figure of § 68. Tension of AD = 10 lbs. .'. Tension 
of ABE = 20 lbs. + weight of A = 21 lbs. .'. Tension of 
BCF = 42 lbs. + weight of B = 43 lbs. . *. Tension of CK is 86 
lbs. H- weight of C = 87 lbs. This tension is equal to W + P + 
the weight of the 3 pulleys. . '. W = 87 - 10 - 3 = 74 lbs. (or 
W may be obtained by adding the three tensions 10 + 21+ 43 = 
74 lbs.) 

The Inclined Plane. 

29. Here the length is to the height as 5 to 3. 
. *. The weight is to the power as 5 to 3. 

But the weight is 10 lbs. 
.-. (1) The force is 6 lbs. 
(2) The pressure is 8 lb& 

30. Here the base is 63. If 16 represent 80 lbs., 63 represents 
315 lbs. 

31. R2 = P2 + W2 « 352 -f 120* = 1261 .-. R = 125 lbs. 

32. 10 lbs. 

33. 30° to the horizon. 

34. (1) 25 Iba. (2) 12 lbs. (3) 16 lbs. 

Miscellaneous. 

35. The power is ^ of the weight. 

36. Let h be the common height^ W and W' the weights, P 
the tension of the cord. Then P is a force parallel to the plane in 
each case. 

If therefore h represents P, 
5 „ W, 

And in the same way 6 „ W'. 

OrWistoW'aaStoe. 
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37. The power moves duoa^ an are of a ciide foor times tiiat 
tmrened by the weiglit m the aune time. 

.-. ItB Telocity is 28L 



CHAPTER VL— HYDBOSTATICa 

§77. 

219 ^ 

1. = 73. 

3 

^ 812 203 

2. = of a lb. 

1728 432 

§81. 

1. /> = 10 X 144 = 1440 lbs. 

f> + ii^ = 20 X 144 = 2880 lbs. 
.•. xq = 1440 lbs. 
Buta? = 4 .-. g = 3601ba 

2. ^r^r = 15 X 144. But y = 62J. 

15x144 

.*. ^ = = 34-56 ft 

62| 

This IB the height of the water barometer for a pressure of 15 

lbs. on the square inch. 

3. Here the additional pressure due to 5 ft is 2^ lbs. 

„ „ 1200 ft is 600 lbs. 

. '. The whole pressure at 400 yds. is 2 + 600 = 602 lbs. 

§86. 

540 

1. = 8-64. 

62^ 

, V . . * . 20 X U2 

2. (1) A ton of water occupies = 35 '84 cubic feet 

624 

. •. A ton of ice occupies ^Q x 3584 ^ ^g.gg ^^^^ ^^^ 
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HYDROSTATICS. 

(2) A cubic yard of water weighs 27 X 62i = 16874 H^- 
.-.A cubic yard of ice weighs — — ^= 1518} lbs. 

3. J.6 cubic centimetres of water weighs 16 grammes. 

. , _ 108-8 _ fi.fl 
...--j^-68. 

§87. 



14 ^ 

1. « = -- = 3i. 

4 

10 « 

2. ForA,« = -- = 2. 

5 

A and B displace 13 lbs of water. 
A alone displaces 6 lbs of water. 

. •. B displaces 8 lbs. of water. 

6 3 

.-. for B, . = -=-. 

3. The water displaced by the cork and silver weighs 6 lbs. 

^^ „ cork alone „ 4 lbs. 

„ „ sHver „ 2 lbs. 

... , = ^ = 10J. 

§88. 

1. For the body, « = 5. 

6-3 

For the liquid, s = —= 2. 

— 4 

2. The weight of the liquid displaced by the body is 3 lbs. 
The same bulk of water would weigh 6 lbs. 

6 3 

^' * "^ "500 ^ 1000' 

4. Call the weight of a cubic inch of water 1. 
Then the copper weighs 36. 



99 



zmc „ 42. 



.'. Each cubic inch of mixture weighs 7*8. 

.-. 8 = 7-8. 
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§89. 

1. The portion immersed isl--— = -r« •*. « = Tr- 

^ 40 40 40 

2. The same as that of water » i. 

2 

3. The water displaced by -— of the body weighs 6 lbs. 

o 

.*. The water displaced by the whole body weighs 9 lbs. A 
force of 3 lbs. downwards must therefore be applied to counter- 
balance the upward pressure of the water. 



§90. 

1. By Boyle's Law the density is proportional to the pressure. 
But when the pressure is 15 lbs., 570 measures the density. 

.'. „ yy 1 lb., 30 yf yy 

„ „ 16 lbs., 608 „ „ 

Or a cubic foot of air weighs 608 grains. 

2. When the pressure is 1 the density is *001. 

„ „ 1000 „ 1. 

At 100 feet there is an additional pressure of 3 atmospheres. 

.'.At 33,300 feet there is an additional pressure of 999 
atmospheres. 

Or the whole pressure at 33,300 feet is 1000 atmospheres. 
(This result does not represent the real state of the case, as 
Boyle's law is only approximately true, and the discrepancy 
increases with the pressure.) 



§97. 

The areas of the pistons are proportional to the squares of their 
diameters, or are as 9 to 2500. 

If, then, P = 72, W = ^^^^ "^^ » 20,000 lbs. 
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General Examples in Hydrostatics. 

1. Iron is 29 times as dense as cork. 

2. (1) 15-4 lbs. (2) 61-9 lbs. (3) 6890 lbs. 

3. (1) 2230-3 lbs. (2) 72225 lbs. (3) 4,467,160 lbs. 

4. As 6 to 5. 

6. (1) 1687i lbs. (2) 21,127i lbs. (3) Yes, for the additional 
pressure is the same outside as inside. 

6. (1) 16J lbs. (2) 2592 lbs. 

7. (1) 15-2 lbs. (2) 16-3 lbs. (3) 28-1 lbs. 

8. (1) 19^. (2) 34. (3) ii or '72. 

9. 1 lb. 4 oz. 

10. (1) Hi. (2) 8^. (3) 9. (4) 1-86. 

11. (1) -86. (2) -66. (3) -92. 

12. (1) 54 cubic inches. (2) 53 cubic inches. 

13. 32 lbs. 

14. (1) 1-85. (2) 1-23. (3) '81. 

15. 6i. 

16. 39 cubic centimetres. 

17. A, 4, B, IJ. 

18. (1) 224. (2) 7J. (3) 14J. (4) 8*. 

19. li. 
.. 29 
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21. 800. 




22. 6-912. 




23. 2-6. 




24. 3cwt. 




25. (1) 5. (2) |. 

26. (1) 2i lbs. (2) 13J lbs. 

27. 33-3 feet. 


(3) 154 lbs. 


28. IH. 




29. ItV 

30. i. 

31. tV. 

32. 23*68 cubic inches. 
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ANSWERS. 

33. 14 lbs. 61 oz. 

34. As I to V, or 27 to 26. 

35. 10-53. 

36. 10,250 cubic feet. 

37. 41 inches. 

38. 4 A cubic inch. 

39. 4 ton& 

40. (1) 2-92 cubic feet (2) 76 ounces. 

41. 271-32 inches. 

42. It will be four times as great 

43. 8760. 
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UNIVERSITY EXAMINATION FAPEBS. 

I. 

1. § 26. 

2. §§ 49, 60. 

3. (1) Prove as in § 70 that if AB represent the given weight, 

BC represents the force, and AC the pressure on the 
plane. 
(2) Compare Chapter V., General Example 36, where in a 
similar case it is proved that the bases are propor- 
tional to the weights. Therefore the base of the 
second plane is to be made twice that of the first. 

4. § 57. Compare also Example 1. 

5. § 68. 

6. (1) See § 52 and § 53 (1). 

(2) By § 55 the pencil will fall as soon as the centre of 
gravity is beyond the base. The centre of gravity of 
the pencil is -^^ of its length within the table. The 
beetle may therefore crawl -^ of the pencil's length 
beyond the table, when it will be ^\ from the pro- 
jecting end. 

7. (1) § 61. 
(2) § 62. 

a Part of § 75 and § 7a 
9. § 82. 

10. The cylinder contains air which has been compressed into 
half its volume, and therefore, by Boyle's law, the pressure has 
been doubled. The additional pressure is therefore that of one 
atmosphere, and the depth is the same as the height of the 
column of water in the water barometer (32 to 34 feet). 
11. (1) Part of § 86 and § 87. See figure of § 85. 

(2) Since spheres are proportional to the cubes of their 
radii, the volume of the whole ball is eight times 
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ANSWERS. 

that of the cork, or we have 7 volumes of gutta-percha 
to 1 of cork. Gall the weight of 1 volume of water 
unity, then 1 volume of cork weighs *24 

.*. 7 volumes of gutta percha weigh 7 X "98 = 6*86. 

. • . The 8 volumes weigh 7*1. 

And 8 volumes of water weigh 8. 

. * . The specific gravity of the whole is H, and ^ of the 
whole floats above the surface. 

Compare § 88, Ex. 5, and Ex. for Exercise 4. Also see § 89. 
12. (1) § 9k 

(2) By the height of the column of mercury is meant the 
perpendicular distance between the level of the mer- 
cury in the tube and the level in the cistern. If this 
is measured in each case it is of no importance whether 
the tube is vertical But if the height be read from 
a scale attached to the tube it is evident that this 
scale will only give correct results when the tube is 
vertical 

n. 

1. (1) § 4. 

(2) While A runs 2x yards, B runs 3a:. If at this point 

B overtake A, then 3^7 » 2a; + a. 
.*. X ^ a, and 2a; » 2a. 

2. § 41. 

3. (1) § 46. 

(2) See Chapter III., General Example 34 (3). 

4. Chapter III., General Example 32. Compare § 17, Ex. 1. 

5. (1) § 57. 

(2) § 67, Example for Exercise 2. 

6. Chapter III., General Example 33. 

7. (1) §§ 30, 34, 42. 
(2) 1 - m^, 

8. (1) § 86 ; § 88, Example 5. 

(2) Let the weight of a volume of water be 1. Then the 
weight of one volume of the first fluid is 1, and of 
the second fluid 1*7. But the 2 volumes when mixed 
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EXAMINATION PAPERS. 

occapj only -f^ of two volumes. Therefore the same 
volume of water weighs 1*8. 
1 + 1-7 ,, 

1-8 * 

9. §§ 92, 96. 
10. (1) § 97. 

(2) 27 tons. See Chapter YI., Qeneral Example 39. 

III. 

1.(1) §4. 

(2) 55. Compare § 5, Example 2. 
% V = 80-6, 9 = 100|. Compare § 38, Ex. 1. 

3. (1) § 25. 

(2) As 1 to 24. Compare § 26, Ex. 1. 

4. §§ 34, 38. 

5. The forces are equivalent to 4 northwards and 3 eastwards. 
The resultant is 5 in the direction of the diagonal of the parallelo- 
gram. Compare § 15, Ex. 

6. At C, if AC = I of AB. Compare § 49, Ex. 1. 

7. § 56. 

8. 13 lbs. See Chapter V., Gen. Ex. 31. 

9. (1) § 75. 
(2) § 81. 

10. The water supports y'y of the weight. 

.'. \^ of the weight = 1 lb. 
. • . The whole weight = \^ lbs. = ly^, lbs. 

IV. 

1. (1) § 41. 

(2) In figure of § 41, the resultant of AB and BC is AC, 
that of AC and CD is AD, that of AD and DA is 0. 
Similarly for a rectangle. 

2. (1) By the second law of motion, forces acting on the same 

particle are represented by the velocities they pro- 
duce ; hence § 10 and § 18 may be applied to forces, 
or one force may be considered as equivalent to other 
two which produce the same result. 
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(2) Compare § 17, last paragraph. Total force » 2*7, ver- 
tical component «= V(2'7)* - (1*35)^ = 2*34 approx. 

3. See § 62. Here Wa = 9i, 4a = Wb. 

.'. 4Wa2 = 9W6«. /. 4a« = 96*. .•.2a = 3*. 

a 3 

b 2 

4. The feather will be carried along at the same rate as the 
balloon, and will therefore appear to the man to fall vertically 
downwards. 

5. The earth rotates from west to east. The stone though 
falling retains its eastward motion, which is quicker than that of 
those parts of the earth which are nearer the centre. Hence it 
strikes the east side. 

80-46 34 

6. See § 88, Ex. 1. Here s = gj^-^=— =1^. 

7. §§ 84, 85. 

8. The average depth of the air in the cylinder is 15^ feet. 
The pressure is therefore that due to 34 + 16^ » 49^ feet of 
water. At this pressure the air occupies 16 cubic feet At a 
pressure due to one foot, the volume would be 49^ x 15 .'. At 

, , 49i X 16 , . , 

a pressure due to 34 feet it would be — rr = 21^| cubic feet. 

State Boyle's law, and the results of § 81. 

Y. 

1. (1) § 26. (2) 50 lbs. 

2. § 59. 

3. (1) §§ 4, 21. 

(2) In equation (10) V = 0, .'. < = Ja^. 
If « = 1, « = }a = 10, .\ o = 20. 
If < = 2, < « 2a = 40. 

4. § 66. 

5280 
6. See 5 43. Here v = — -- = 1056. 
* 6 

5 X 1056 «^ , . , 

•. V — *= 26*4 feet per second. 

• • 200 ^ 
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VI. 



1. (1) § 26. 

(2) The forces of 3 and 7 are in the same direction^ that of 
10 in the opposite direction. 

2. (1) § 41. 

(2) The triangle of forces is half an equilateral triangle. 

.-. P = 2E, or R = 50, Q = VlO,000 - 2500 = 86-6. 

3. Let ABC be the rod in its position of equilibrium, B being 
its middle point. From A and B draw vertical lines AD, BE, 
meeting a horizontal line through C at D and E ; join AE. Three 
forces act on the rod, its weight at B, the horizontal force at C, 
and the reaction at A. These forces must pass through one 
point (§ 49, Ex. for Exercise 3), and as the directions of the first 
two meet in E, AE is the direction of the reaction. These 3 
forces are therefore in the directions of the 3 sides of the triangle 
ADE. Therefore DE = J of AD. But DE is J of DC. 
. *. DC = AD, or the rod is at an angle of 45^ to the horizon. 

4. (1) § 49. 

(2) Beplace each weight by two weights of half the amount 
at the extremities of the sides. Thus the pressures 
on the legs are increased by 3 + 4 = 7 lbs., 4 + 5 = 
9 lbs., and 5 + 3 = 8 lbs. 

5. (1) § 52 and § 53 (3). 

(2) Call the square ABCD. The weights at A and D are 
equivalent to 5 lbs. at a point E, i along AD. The 
weights at B or C are equivalent to 5 lbs. at a point 
F, i along BC. Therefore the centre of gravity of the 
whole is the middle point of EF. 
7. (1) § 64. 

(2) 3 inches. 
7. In the first case the slope of the plane is diminished, and 
therefore the force exerted is less (see § 70). In the second case, 
the centre of gravity of horse and man is kept above the base. 
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INDEX. 



Tke numhers r^er to the tectiant. 



Acceleration, 21, 22, 28. 
Action and reaction, 42. 
Air, Weighing in, 85. 
Air-pump, 93. 
Algebra, 1. 
Angle of repose, 74. 
Attraction, 87, 44. 
Average velocity, 7. 
Axioms of dynamics, 29. 

Balance, 61 : false, 62. 

Barometer, 91. 

Body, Velocity of, 9 ; Palling, 88 ; 

thrown Jip, 89; Rigid, 47, 48; 

Immersed in a fluid, 54 ; Floating, 

89. 
Boyle's law, 90. 
Bramah's press, 97. 

Centbe, of inertia, 52; of mass, 52; 

of gravitv, 52« 58. 
Centxifugal force, 82. 
Change of velocity, 20. 
Chemical attraction, 44. 
Circle, Centre of gravity of a, 53. 
Common pump, 95. 
Composition, of velocities, 11-17, 

19 ; of forces, 41, 49, 51. 
Condenser, 94. 
Conservation of energy, 44. 

Density, 77. 
Direction of motion, 8. 
Dynamics, 1, 2. 



Electricitt, 44. 

Energy, 28; Conservation of, 44» 
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Equilibrium, of a particle, 45 ; of a 
rigid body, 48 ; of a body resting 
on a surface, 55 : Stable, unstable, 
and neutral, 5o; on an inclined 
plane, 70, 71. 

Experimentid, verification of paral- 
lelogram and triangle of forces, 
46; method of fin(Ung centre of 
gravity, 54. 

Falling Bodies, 88. 

Floating bodies, 89. 

Fluids, 75 ; Friction of, 75 ; Pressure 

of, 75, 78, 79; Division of, 76; 

Specific mvity of, 88. 
Foot-pound, 27. 
Force, 1, 2, 26; Measurement of, 

26, 35 ; of gravity, 87 ; Moment 

of a, 57. 
Forces, Parallelogram of, 41, 46; 

Resultant of parallel, 49, 50. 
Friction, 72 ; in fluids, 75. 

Gases, 76. 
Geometry, 1. 
Gravitation, Law of, 87. 
Gravity, 87, 44 ; Centre of, 52, 58, 
54. 

Heat, 44. 
Heavy liquids, 81. 
Hydrostatics, 2, 75-97. 

Inclined Plane, 69; Equilibrium 

on an, 70, 71. 
Inertia, 81 ; Centre of, 52. 



INDEX. 



Kinetic Energy, 28. 
Kinetics, 2, 24-44. 
Kinematics, 1, 2, 3-23. 

Lever, 59, 60. 

Lifting pump, 95. 

Light, 44. 

Liquids, 76 ; Surface of> 82. 

Machines, 58-74. 

Magnetic attraction, 44. 

Mariotte, 90. 

Mass, 25 ; Measurement of, 86 ; 

Centre of, 52. 
Matter, 1 ; Quantity of, 25. 
Moment of a force, 57. 
Momentum. 25. 
Motion, 1, 2, 3, 4; Quantity of, 25 ; 

laws of, 29, 30, 34, 42; Machines 

in, 74. 

Natural Philosophy, 1. 
Neutral equilibrium, 56. 
Newton, 24, 29. 

Parabolic Path op a Projectile, 

40. 
Parallel forces, 49, 50. 
Parallelogram, of velocities, 12 ; of 

forces, 41 ; Centre of firavitv of a, 

63. 
Physics, 1. 

Plane, Inclined, 69-71. 
Polygon of velocities, 14. 
Potential energy, 28. 
Pressure, 42 ; of fluids, 75, 78, 79 ; 

on sides and base of a vessel, 83. 
Principia, 24, 29. 
Projectile, Path of a, 8, 40. 
Pulleys, 65-68. 
Pump, Air,93 ; Common,95 ; Force, 96. 

Quantity, of Matter, 25; of motion, 
25. 



RBAOnoN, 42, 55, 69. 

Recoil, 43. 

Kepose, Angle of, 74. 

Resolution of velocities, 18, IP. 

Resultant, of two velocities, 11, 15, 

16, 17 ; of several velocities, 14 ; 

of parallel forces, 49, 51. 
Rigid body, 47, 48. 

Sound, 44. 

Space, 1. 

Specific gravity, 86-88. 

Sphere, Centre of gravity of a, 53. 

Sprengel's air-pump, 93. 

Stable equilibrium, 56. 

Statics, 2, 45-57. 

Steelyard, 63. 

Straight line. Centre of gravity of a, 

53. 
Suction pump, 95. 
Surface of heavy liquids, 82. 
Syphon, 92. 
System of bodies, Centre of gravity 

of a, 53. 
Systems of pulleys, 66-68. 

Tangent, 3. 
Time, 1, 33. 

Triangle, of velocities, 18; of forces, 
46 ; Centre of gravity of a, 53. 

Unstable Equilibrium, 56. 

Velocity, 4-20; Uniform, 4, 5; 
Variable, 6, 19 ; Average, 7 ; Com- 
position of, 11-17 ; Parallelogram 
of, 12; Triangle of, 13; Polygon of, 
14 ; Resolution of, 18 ; Change of, 
20. 

Weighing in Air and Water, 85, 

87. 
Wheel and axle, 64. 
Work, 27, 74. 
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